Gauge Properties of Hadronic Structure of Nucleon in Neutron Radiative
  Beta Decay to Order O(alpha/pi) in Standard V - A Effective Theory with QED
  and Linear Sigma Model of Strong Low--Energy Interactions by Ivanov, A. N. et al.
ar
X
iv
:1
80
5.
09
70
2v
1 
 [h
ep
-p
h]
  2
4 M
ay
 20
18
Gauge Properties of Hadronic Structure of Nucleon
in Neutron Radiative Beta Decay to Order O(α/pi) in Standard V −A Effective Theory
with QED and Linear Sigma Model of Strong Low–Energy Interactions
A. N. Ivanov,1, ∗ R. Ho¨llwieser,1, 2, † N. I. Troitskaya,1, ‡ M. Wellenzohn,1, 3, § and Ya. A. Berdnikov4, ¶
1Atominstitut, Technische Universita¨t Wien, Stadionallee 2, A-1020 Wien, Austria
2Department of Physics, Bergische Universita¨t Wuppertal, Gaussstr. 20, D-42119 Wuppertal, Germany
3FH Campus Wien, University of Applied Sciences, Favoritenstraße 226, 1100 Wien, Austria
4Peter the Great St. Petersburg Polytechnic University,
Polytechnicheskaya 29, 195251, Russian Federation
(Dated: October 2, 2018)
Within the standard V − A theory of weak interactions, Quantum Electrodynamics (QED) and
the linear σ–model (LσM) of strong low–energy hadronic interactions we analyse gauge properties of
hadronic structure of the neutron and proton in the neutron radiative β−–decay. We show that the
Feynman diagrams, describing contributions of hadronic structure to the amplitude of the neutron
radiative β−–decay in the tree–approximation for strong low–energy interactions in the LσM, are
gauge invariant. In turn, the complete set of Feynman diagrams, describing the contributions of
hadron–photon interactions in the one–hadron–loop approximation, is not gauge invariant. In the
infinite limit of the scalar σ–meson, reproducing the current algebra results (Weinberg, Phys. Rev.
Lett. 18, 188 (1967)), and to leading order in the large nucleon mass expansion the Feynman
diagrams, violating gauge invariance, do not contribute to the amplitude of the neutron radiative
β−–decay in agreement with Sirlin’s analysis of strong low–energy interactions in neutron β− decays.
We assert that the problem of appearance of gauge non–invariant Feynman diagrams of hadronic
structure of the neutron and proton is related to the following. The vertex of the effective V − A
weak interactions does not belong to the combined quantum field theory including the LσM and
QED. We argue that gauge invariant set of Feynman diagrams of hadrons, coupled to real and
virtual photons in neutron β− decays, can be obtained within the combined quantum field theory
including the Standard Electroweak Model (SEM) and the LσM, where the effective V − A vertex
of weak interactions is a result of the W−–electroweak boson exchange.
PACS numbers: 11.10.Ef, 11.10.Gh, 12.15.-y, 12.39.Fe
I. INTRODUCTION
It is well–known that radiative corrections of order O(α/π) [1]-[21], where α is the fine–structure constant [22], play
an important role for correct description of the properties of neutron β− decays. In turn, an important role of strong
low–energy interactions in weak decays has been pointed out by Weinberg [23]. Nowadays the contributions of strong
low–energy interactions to neutron β− decays reduce to the axial coupling constant gA = 1.2750(9) [24] (see also [25]),
agreeing well with recent value g
(favoured)
A = 1.2755(11), which was recommended by Czarnecki et al. [26] as a favoured
one. We would like to remind that the axial coupling constant gA appears in the standard V − A theory of weak
interactions as a trace of strong low–energy interactions in the matrix element of the hadronic n→ p transition after
renormalization of the matrix element of the axial–vector hadronic current [27]. In turn, according to Weinberg [23],
contributions of strong low–energy interactions beyond the axial coupling constant gA seem to be important for gauge
invariant description of radiative corrections of order O(α/π) to neutron β− decays. However, as has been shown
by Sirlin [5, 11, 28] the contribution of strong low–energy interactions to the radiative corrections of order O(α/π)
to the neutron lifetime, calculated to leading order in the large nucleon mass expansion, is a constant independent
of the electron energy. Because of such a property of strong low–energy interactions their contributions to neutron
β− decays have been left at the level of the axial coupling constant gA and screened in the radiative corrections
[5]-[21]. The necessity to take into account contributions of electroweak–boson exchanges [29] for the calculation of
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2radiative corrections of order O(α/π) has been pointed out by Sirlin [8, 10, 11, 13]. The analysis of electroweak–
boson exchanges and QCD corrections has been continued by Marciano and Sirlin [14, 17], Degrassi and Sirlin [15],
Czarnecki, Marciano and Sirlin [16], and Sirlin and Ferroglia [19]. As has been shown by Czarnecki et al. [16] the
contributions of electroweak-boson exchanges change crucially the value of the radiative corrections of order O(α/π).
Indeed, the radiative corrections to the neutron lifetime, averaged over the electron–energy spectrum, are equal to
〈(α/π) gn(Ee)〉 = 0.015056 and 〈(α/π) gn(Ee)〉 = 0.0390(8) without and with the contributions of the electroweak-
boson exchanges and QCD corrections, respectively [16], where the function gn(Ee) describes the radiative corrections
to the neutron lifetime in notation [20, 21]. For the correct gauge invariant calculation of radiative corrections of
order O(α2/π2) to the rate of the neutron radiative β−–decay n → p + e− + ν¯e + γ an appearance of non–trivial
contributions of strong low–energy interactions dependent on the energies of decay particles has been pointed out in
[30]. As has been found in [30] the interactions of real and virtual photons with hadronic structure of the neutron
and proton should provide not only gauge invariance of radiative corrections of order O(α2/π2) but also non–trivial
dependence of these corrections on the electron Ee and photon ω energies. The problem of gauge invariant non–trivial
contributions of strong low–energy interactions to neutron β− decays is closely related to the analysis of corrections
of order 10−5, calculated in the Standard Model [21, 30].
The experimental analysis of the Standard Model (SM) in neutron β− decays at the level of 10−4 [31] makes urgent
theoretical investigations of neutron β− decays at the level of 10−5. For predictions at the level of 10−4, it is apparent
that the higher order corrections of order 10−5 should be included, and for an experimental search for interactions
beyond the SM, a ”discovery” experiment with the required 5σ sensitivity will require experimental uncertainties of a
few parts in 10−5 [21]. The complete set of corrections of order 10−5 contains 1) Wilkinson’s corrections [32] such as
i) the proton recoil in the Coulomb electron–proton final–state interaction, ii) the finite proton radius, iii) the proton–
lepton convolution and iv) the higher–order outer radiative corrections, which are of order 10−5 [21], 2) the radiative
corrections of order O(αEe/mN ), calculated to next–to–leading order in the large nucleon mass mN expansion, 3)
the radiative corrections of order O(α2/π2), calculated to leading order in the large nucleon mass mN expansion,
and 4) the weak magnetism and proton recoil corrections O(E2e/m
2
N ), calculated to next–to–next–to–leading order in
the large nucleon mass mN expansion [45]. A derivation of such a complete set of corrections of order 10
−5 should
give a new impetus for experimental searches of interactions beyond the SM, induced by first class (G–even) [33]–[45]
and second class (G–odd) [46, 47] (see also [45]) hadronic currents. We remind that the G–parity transformation,
i.e. G = C e iπI2 , where C and I2 are the charge conjugation and isospin operators, was introduced by Lee and
Yang [48] as a symmetry of strong interactions. According to the properties of hadronic currents with respect to the
G–parity transformation, Weinberg divided hadronic currents into two classes [49], where the first class and second
class hadronic currents are G–even and G–odd, respectively.
This paper addresses to the quantum field theoretic analysis of gauge invariance of contributions of strong low–energy
interactions or hadronic structure of the neutron and proton to the amplitude of the neutron radiative β−–decay. We
follow the standard V −A effective theory of weak interactions with electromagnetic and strong low–energy interactions
described by Quantum Electrodynamics (QED) and the linear σ–model (LσM) [50] (see also [27]), respectively. The
LσM with chiral SU(2) × SU(2) symmetry describing strong low–energy meson–nucleon interactions possesses the
following important properties: i) it is unstable under spontaneous breaking of chiral SU(2) × SU(2) symmetry
leading to appearance of heavy nucleon, light massive pions (the π–mesons) and heavy scalar σ–meson, ii) in the
chiral symmetry broken phase it provides a proportionality of the divergence of the axial–vector hadronic current to
the π–meson field realizing at the quantum field theoretic level the hypothesis of partial conservation of the axial–
vector hadronic current or the PCAC hypothesis, iii) it is renormalizable [51]–[55], and iv) it reproduces the results of
the current algebra approach in the limit of the infinite σ–meson mass [56, 57]. These properties of the LσM should
give a possibility to describe the contributions of strong low–energy interactions to the neutron radiative β−–decay
at the quantum field theoretic level and at the confidence level of Sirlin’s analysis of strong low–energy interactions
in neutron β− decays [5, 11].
The paper is organized as follows. In section II we follow [27, 50] and formulate the LσM with chiral SU(2)×SU(2)
symmetry, describing strong low–energy interactions of the hadronic system including the scalar σ–meson, π–mesons
and nucleon (neutron and proton). We outline the LσM in the chirally symmetric and chiral symmetry broken phases,
and describe renormalization procedure in the LσM [51]–[55]. In section III we describe renormalization procedure
of the quantum field theory of the proton, π±–mesons and electron in the framework of Quantum Electrodynamics
(QED) [58]–[64]. In section IV we consider the quantum field theory of the scalar σ–meson, π–mesons, nucleon and
electron coupled within the LσM and QED, and describe renormalization procedure of such a combined quantum field
theory. In section V we derive the general expressions for the matrix elements of the neutron β−–decay and neutron
radiative β−–decay in the standard V −A effective theory of weak interactions, where the vector V and axial–vector
A charged hadronic currents are defined within the LσM in the chirally broken phase, with strong low–energy and
electromagnetic interactions described by the LσM and QED. In section VI we calculate the matrix element of the
hadronic n→ p transition of the neutron β−–decay in the tree– and one–hadron–loop approximation for strong low–
3energy interactions in the LσM. We reproduce the standard Lorentz structure of this matrix element, which has been
earlier reproduced within Yukawa’s theory of strong pion–nucleon interactions [68]. In section VII we calculate the
amplitude of the neutron radiative β−–decay in the tree– and one–hadron–loop approximation for strong low–energy
interactions in the LσM and QED. In section VIII we discuss the obtained results and perspectives of gauge invariant
description of contributions of hadronic structure of the neutron and proton in neutron β− decays.
II. LINEAR σ–MODEL (LσM) WITH CHIRAL SU(2) × SU(2) SYMMETRY
A. Chirally symmetric phase
The LσM with chiral SU(2) × SU(2) symmetry describes strong low–energy pion–nucleon interactions with a
mediation of the scalar σ–meson. As has been shown in [65] by example of the low–energy γ + γ → π + π processes
the contributions of the σ–meson can be screened in observable processes. The Lagrangian of the LσM in the chirally
symmetric phase is given by [27]
LLσM(x) = ψ¯N
(
iγµ∂µ + gπN(σ + i~τ · ~π )
)
ψN +
1
2
(
∂µσ∂
µσ + ∂µ~π · ∂µ~π
)
+
1
2
µ2
(
σ2 + ~π 2
)− γ
4
(
σ2 + ~π 2
)2
, (1)
where ψN is the isospin doublet of the nucleon field operator with components (ψp, ψn), where ψp and ψn are the
proton and neutron field operators, respectively, σ and ~π = (π+, π0, π−) are the scalar σ– and pseudoscalar pion–
meson field operators, µ2, γ and gπN are input parameters of the LσM, and ~τ = (τ1, τ2, τ3) are the isospin 2× 2 Pauli
matrices. The scalar σ and pseudoscalar ~π fields describe the isoscalar and isovector meson states, respectively.
Under isovector and isoaxial–vector (or chiral) infinitesimal transformations with parameters ~αV and ~αA, respec-
tively, the nucleon and meson fields transform as follows
ψN
~αV−→ ψ′N =
(
1 + i
1
2
~αV · ~τ
)
ψN , ψ¯N
~αV−→ ψ¯′N = ψ¯N
(
1− i 1
2
~αV · ~τ
)
,
σ
~αV−→ σ′ = σ , ~π ~αV−→ ~π ′ = ~π − ~αV × ~π,
N
~αA−→ N ′ =
(
1 + i
1
2
γ5~αA · ~τ
)
N , ψ¯N
~αA−→ ψ¯′N = ψ¯N
(
1 + i
1
2
γ5~αA · ~τ
)
,
σ
~αA−→ σ′ = σ + ~αA · ~π , ~π ~αA−→ ~π
′
= ~π − ~αAσ. (2)
The Lagrangian Eq.(1) is invariant under global transformations Eq.(2). Under local transformations Eq.(2) the
Lagrangian Eq.(1) acquires the following corrections
δLLσM(x) = −∂µ~αV ·
(
ψ¯Nγµ
1
2
~τ ψN + ~π × ∂µ~π
)
− ∂µ~αA ·
(
ψ¯Nγµ γ
5 1
2
~τ ψN +
(
σ ∂µ~π − ~π ∂µσ
))
, (3)
which allow to define the vector and axial–vector hadronic currents [27]
~Vµ = − δLLσM
δ∂µ~αV
= ψ¯Nγµ
1
2
~τ ψN + ~π × ∂µ~π,
~Aµ = −δLLσM
δ∂µ~αA
= ψ¯Nγµ γ
5 1
2
~τ ψN +
(
σ ∂µ~π − ~π ∂µσ
)
. (4)
Using the equations of motion for the nucleon, scalar and pseudoscalar fields one may show that in the chirally
symmetric phase the divergences of the vector and axial–vector hadronic currents vanish
∂µ~Vµ = ∂
µ ~Aµ = 0. (5)
This means that in the chirally symmetric phase the vector and axial–vector hadronic current are locally conserved.
B. Phase of spontaneously broken chiral symmetry
We would like to accentuate that the nucleon, scalar and pseudoscalar fields in Eq.(1) are unphysical. Indeed, the
nucleon is massless and the mass term of the scalar and pseudoscalar fields enters with incorrect sign. Hence, physical
4hadronic states can appear in the LσM only in the phase of spontaneously broken chiral symmetry [50]. In the LσM
the phase of spontaneously broken chiral SU(2)× SU(2) symmetry can be described by the Lagrangian [27]
LLσM(x) = ψ¯N
(
iγµ∂µ + gπN(σ + iγ
5~τ · ~π ))ψN + 1
2
(
∂µσ∂
µσ + ∂µ~π · ∂µ~π
)
+
1
2
µ2
(
σ2 + ~π 2
)− γ
4
(
σ2 + ~π 2
)2
+ aσ,
(6)
where the last term aσ is non–invariant under chiral transformations Eq.(2).
The phase of spontaneously broken chiral symmetry characterizes by a non–vanishing vacuum expectation value of
the σ–field 〈σ〉 = b 6= 0. The transition to the fields of physical hadronic states goes through the change of the σ–field
σ → σ + b, where in the right–hand–side (r.h.s.) the σ–field possesses a vanishing vacuum expectation value. After
such a change of the σ–field the dynamics of physical hadronic states is described by the Lagrangian
LLσM(x) = ψ¯N
(
iγµ∂µ −mN + gπN (σ + iγ5~τ · ~π )
)
ψN +
1
2
(
∂µσ∂
µσ −m2σσ2
)
+
1
2
(
∂µ~π · ∂µ~π −m2π~π 2
)
− γ b σ(σ2 + ~π 2)− γ
4
(
σ2 + ~π 2
)2
, (7)
where the masses of physical hadrons and coupling constants are determined by
mN = −gπNb , m2σ = 3γb2 − µ2 , m2π = γb2 − µ2 , a = m2πb. (8)
In the phase of spontaneously broken chiral symmetry the vector and axial–vector hadronic currents are equal to
~Vµ = ψ¯Nγµ
1
2
~τ ψN + ~π × ∂µ~π,
~Aµ = ψ¯Nγµ γ
5 1
2
~τ ψN +
(
σ ∂µ~π − ~π ∂µσ
)
+ b ∂µ~π. (9)
Using the equations of motion for the nucleon, scalar and pseudoscalar fields one may show that the divergences of
the vector and axial vector hadronic currents are given by
∂µ~Vµ = 0,
∂µ ~Aµ = −m2πb ~π. (10)
According to the hypothesis of partial conservation of the axial–vector hadronic current (the PCAC hypothesis) [50]
the divergence of the axial–vector hadronic current is proportional to the pion–field operator ∂µ ~Aµ = m
2
πfπ~π, where
fπ is the PCAC constant or the pion decay constant [50]. From the comparison of the divergence in Eq.(10) and
∂µ ~Aµ = m
2
πfπ~π we get b = −fπ [27, 50]. Unlike the axial–vector hadronic current the vector hadronic current is
locally conserved even in the phase of spontaneously broken chiral symmetry. Conservation of the vector hadronic
current in the LσM can be violated only by isospin symmetry breaking.
C. Renormalization in the LσM
For the discussion of renormalization procedure in the LσM we rewrite the Lagrangian Eq.(7) as follows [52–54]
L(0)LσM(x) = ψ¯(0)N
(
iγµ∂µ −m(0)N + g(0)πN(σ(0) + iγ5~τ · ~π (0))
)
ψ
(0)
N
+
1
2
(
∂µσ
(0)∂µσ(0) −m(0)2σ σ(0)2
)
+
1
2
(
∂µ~π
(0) · ∂µ~π (0) −m(0)2π ~π (0)2
)
+ γ(0) f (0)π σ
(0)
(
σ(0)2 + ~π (0)2
)− γ(0)
4
(
σ(0)2 + ~π (0)2
)2
, (11)
where ψ
(0)
N , σ
(0) and ~π (0) are bare hadronic fields, m
(0)
N , m
(0)
σ , m
(0)
π and γ(0), f
(0)
π are bare hadronic masses and coupling
constants, respectively. After the calculation of hadron–loop contributions the dynamics of physical fields is described
by the Lagrangian
L(r)LσM(x) = ψ¯(r)N
(
iγµ∂µ −m(r)N + g(r)πN(σ(r) + iγ5~τ · ~π (r) )
)
ψ
(r)
N +
1
2
(
∂µσ
(r)∂µσ(r) −m(r)2σ (σ(r))2
)
+
1
2
(
∂µ~π
(r) · ∂µ~π (r) −m(r)2π (~π (r))2
)
+ γ(r) f (r)π σ
(r)
(
(σ(r))2 + (~π (r))2
)− γ(r)
4
(
(σ(r))2 + (~π (r))2
)2
+ L(CT)LσM (x), (12)
5where the Lagrangian L(CT)LσM (x) is given by
L(CT)LσM (x) = (ZN − 1)ψ¯(r)N
(
iγµ∂µ −m(r)N
)
ψ
(r)
N − ZNδm(r)N ψ¯(r)N ψ(r)N +
(
ZMN − 1
)
g
(r)
πN ψ¯
(r)
N
(
σ(r) + iγ5~τ · ~π (r))ψ(r)N
+
(
ZM − 1
) 1
2
(
∂µσ
(r)∂µσ(r) −m(r)2σ (σ(r))2
)− ZMδm(r)2σ (σ(r))2 + (ZM − 1) 12 (∂µ~π (r) · ∂µ~π (r) −m(r)2π (~π (r))2)
−ZMδm(r)2π (~π (r))2 +
(
Z3M − 1
)
γ(r) f (r)π σ
(r)
(
(σ(r))2 + (~π (r))2
)− (Z4M − 1) γ(r)
4
(
(σ(r))2 + (~π (r))2
)2
. (13)
Here ZN , ZM and δm
(r)
N , δm
(r)2
σ , δm
(r)2
π are renormalization constants of wave functions and masses of the nu-
cleon, scalar and pseudoscalar fields, respectively. Then, ZMN , Z3M and Z4M are renormalization constants of
the corresponding vertices of meson–nucleon and meson–meson field interactions. The abbreviation “CT” means
“Counter–Terms”. If the fields, masses, coupling constants and renormalization constants satisfy the relations
ψ
(0)
N =
√
ZN ψ
(r)
N , σ
(0) =
√
ZM σ
(r) , ~π (0) =
√
ZM ~π
(r),
m
(0)
N = m
(r)
N + δm
(r)
N , m
(0)2
σ = m
(r)2
σ + δm
(r)2
σ , m
(0)2
π = m
(r)2
π + δm
(r)2
π ,
g
(0)
πN = ZMNZ
−1
N Z
−1/2
M g
(r)
πN , f
(0)
π = Z3MZ
−1
4MZ
1/2
M f
(r)
π , γ
(0) = Z4MZ
−2
M γ
(r),
Z3M = Z4M . (14)
the Lagrangian Eq.(12) reduces to the Lagrangian Eq.(11). The relation Z3M = Z4M implies that the pion decay
constant f
(r)
π is renormalized only renormalization of the wave function of the ~π–meson, i.e. f
(0)
π = Z
1/2
M f
(r)
π .
III. QUANTUM ELECTRODYNAMICS (QED) OF ELECTRON, PROTON AND CHARGED PIONS
The Lagrangian of the electron–photon and charged hadron–photon interactions is given by
L(0)QED(x) = −
1
4
F (0)µν F
(0)µν − 1
2ξ0
(
∂µA
(0)µ
)2
+ ψ¯(0)e
(
iγµ∂µ −m(0)e
)
ψ(0)e − (−e0) ψ¯(0)e γµψ(0)e A(0)µ
+ψ¯(0)p
(
iγµ∂µ −m(0)p
)
ψ(0)p − (+e0) ψ¯(0)p γµψ(0)p A(0)µ +
(
∂µ + i(+e0)A
(0)
µ
)
π(0)+
(
∂µ + i(−e0)A(0)µ
)
π(0)−
−m(0)2π π(0)+π(0)−, (15)
where F
(0)
µν (x) = ∂µA
(0)
ν (x) − ∂νA(0)µ (x) is the electromagnetic field strength tensor of the bare electromagnetic field
operator A
(0)
µ (x), ξ0 is a bare gauge parameter; ψ
(0)
e , ψ
(0)
p and π(0)± are bare electron, proton and charged pion fields
with bare masses m
(0)
e , m
(0)
p and m
(0)
π and bare electric charges ∓e0 in units of the proton charge e0.
After the calculation of loop corrections a transition to the renormalized field operators, masses and electric charges
is defined by the Lagrangian
L(r)QED(x) = −
1
4
F (r)µν (x)F
(r)µν − 1
2ξ
(
∂µA
(r)µ
)2
+ ψ¯(r)e (iγ
µ∂µ −m(r)e )ψ(r)e − (−er) ψ¯(r)e γµψ(r)e A(r)µ
+ ψ¯(r)p (iγ
µ∂µ −m(r)p )ψ(r)p − (+er) ψ¯(r)p γµψ(r)p A(r)µ
+
(
∂µ + i(+er)A
(r)
µ
)
π(r)+
(
∂µ + i(−er)A(r)µ
)
π(r)− −m(r)2π π(r)+π(r)− + L(CT)QED(x), (16)
where A
(r)
µ , ψ
(r)
e , ψ
(r)
p and π(r)∓ are renormalized operators of the electromagnetic, electron, proton and charged pion
fields, respectively; m
(r)
e , m
(r)
p and m
(r)
π are renormalized masses of the electron, proton and charged pions; er is
the renormalized electric charge; and ξr is the renormalized gauge parameter. The Lagrangian L(CT)QED(x) contains a
complete set of counter–terms [58–63],
L(CTQED(x) = −
1
4
(Z3 − 1)F (r)µν F (r)µν −
Z3 − 1
Zξ
1
2ξ(r)
(
∂µA
(r)µ
)2
+(Z
(e)
2 − 1) ψ¯(r)e (iγµ∂µ −m(r)e )ψ(r)e − (Z(e)1 − 1) (−er) ψ¯(r)e γµψeAµ − Z(e)2 δm(r)e ψ¯(r)e ψ(r)e
+(Z
(p)
2 − 1) ψ¯(r)p (iγµ∂µ −m(r)p )ψ(r)p − (Z(p)1 − 1) (+er) ψ¯(r)p γµψ(r)p A(r)µ − Z(p)2 δm(r)p ψ¯pψ(r)p
+(Z
(π)
2 − 1)
(
∂µπ
(r)+∂µπ(r)− −m(r)2π π(r)+π(r)−
)
+ (Z
(π)
1 − 1) i er
(
π(r)+∂µπ(r)− − ∂µπ(r)+ π(r)−)A(r)µ
+(Z
(π)
4 − 1) e2r π(r)+ π(r)−A(r)µ A(r)µ − Z(π)2 δm(r)2π π(r)+ π(r)−, (17)
6where Z3, Z
(j)
2 , Z
(j)
1 and Z
(π)
4 for j = e, p, π
∓, δm
(r)
e , δm
(r)
p and δm
(r)2
π are the counter–terms. Here Z3 is the
renormalization constant of the electromagnetic field operator Aµ, Z
(j)
2 and Z
(j)
1 and Z
(π)
4 for j = e, p, π
∓ are renor-
malization constants of the electron, proton and charged pion field operators and photon–electron and photon–proton
and photon–pion vertices, respectively, where Z
(π)
4 = Z
(π)2
1 Z
(π)−1
2 [61]. Then, (∓er), m(r)e , m(r)p , m(r)2π and δm(r)e ,
δm
(r)
p and δm
(r)2
π are renormalized electric charges and masses and the mass–counter–terms of the electron, proton
and charged pions, respectively. Rescaling the field operators [58–63]
√
Z3A
(r)
µ = A
(0)
µ ,
√
Z
(e)
2 ψ
(r)
e = ψ
(0)
e ,
√
Z
(p)
2 ψ
(r)
p = ψ
(0)
p ,
√
Z
(π)
2 π
(r)∓
e = π
(0)∓, (18)
and denoting m
(r)
e + δm
(r)
e = m
(0)
e , m
(r)
p + δm
(r)
p = m
(0)
p , m
(r)2
π + δm
(r)2
π = m
(0)2
π and Zξξr = ξ0 we arrive at the
Lagrangian
LQED(x) = −1
4
F (0)µν F
(0)µν − 1
2ξ0
(
∂µA
(0)µ
)2
+ψ¯(0)e (iγ
µ∂µ −m(r)e )ψ(0)e − (−er)Z(e)1 (Z(e)2 )−1Z−1/23 ψ¯(0)e γµψ(0)e A(0)µ
+ψ¯(0)p (iγ
µ∂µ −m(0)p )ψ(0)p − (+er)Z(p)1 (Z(p)2 )−1Z−1/23 ψ¯(0)p γµψ(0)p A(0)µ
+
(
∂µ + i(+er)Z
(π)
1 (Z
(π)
2 )
−1Z
−1/2
3 A
(0)
µ
)
π(0)+
(
∂µ + i(−er)Z(π)1 (Z(π)2 )−1Z−1/23 A(0)µ
)
π(0)−
−m(0)2π π(0)+π(0)−. (19)
Because of the Ward identities Z
(e)
1 = Z
(e)
2 and Z
(p)
1 = Z
(p)
2 [58–60] and Z
(π)
1 = Z
(π)
2 [61], we may replace
(∓er)Z−1/23 = ∓e0. This brings Eq.(19) to the form of Eq.(15).
IV. QUANTUM FIELD THEORY OF PHOTONS, ELECTRONS, NUCLEONS, SCALAR AND
PSEUDOSCALAR MESONS IN QED AND LσM
The dynamics of the system of photons, electrons, nucleons, scalar and pseudoscalar mesons within QED and LσM,
taken in the chirally broken phase, we describe by the Lagrangian
L(0)QED+LσM(x) = −
1
4
F (0)µν F
(0)µν − 1
2ξ0
(
∂µA
(0)µ
)2
+ ψ¯(0)e
(
iγµ∂µ −m(0)e
)
ψ(0)e − (−e0) ψ¯(0)e γµψ(0)e A(0)µ
+ψ¯(0)p
(
iγµ∂µ −m(0)N
)
ψ(0)p − (+e0) ψ¯(0)p γµψ(0)p A(0)µ +
(
∂µ + i(+e0)A
(0)
µ
)
π(0)+
(
∂µ + i(−e0)A(0)µ
)
π(0)−
−m(0)2π π(0)+π(0)− + ψ¯(0)n
(
iγµ∂µ −m(0)N
)
ψ(0)n +
1
2
(
∂µσ
(0)∂µσ(0) −m(0)2σ σ(0)2
)
+
1
2
(
∂µπ
(0)0∂µπ(0)0 −m(0)2π (π(0)0)2
)
+ g
(0)
πN
(
ψ¯(0)p ψ
(0)
p + ψ¯
(0)
n ψ
(0)
n
)
σ(0) + g
(0)
πN
(
ψ¯(0)p iγ
5ψ(0)p − ψ¯(0)n iγ5ψ(0)n
)
π(0)0
+
√
2 g
(0)
πN ψ¯
(0)
p iγ
5ψ(0)n π
(0)+ +
√
2 g
(0)
πN ψ¯
(0)
n iγ
5ψ(0)p π
(0)− + γ(0)f (0)π σ
(0)
(
σ(0)2 + 2 π(0)+π(0)− + (π(0)0)2
)
−γ
(0)
4
(
σ(0)2 + 2 π(0)+π(0)− + (π(0)0)2
)2
, (20)
where all fields, their masses and coupling constants are bare. The vector and axial–vector hadronic currents are equal
to
V (0)+µ = ψ¯
(0)
p γµψ
(0)
n + i
√
2
(
π(0)0
(
∂µ + i(−e0)A(0)µ
)
π(0)− − π(0)−∂µπ(0)0
)
,
V (0)−µ = ψ¯
(0)
n γµψ
(0)
p − i
√
2
(
π(0)0
(
∂µ + i(+e0)A
(0)
µ
)
π(0)+ − π(0)+∂µπ(0)0
)
,
V (0)0µ =
1
2
(
ψ¯(0)p γµψ
(0)
p − ψ¯(0)n γµψ(0)n
)
+ i
(
π(0)−
(
∂µ + i(+e0)A
(0)
µ
)
π(0)+ − π(0)+(∂µ + i(−e0)A(0)µ )π(0)−),
A(0)+µ = ψ¯
(0)
p γµγ
5ψ(0)n +
√
2
(
σ(0)
(
∂µ + i(−e0)A(0)µ
)
π(0)− − π(0)−∂µσ(0)
)
−
√
2 f (0)π
(
∂µ + i(−e0)A(0)µ
)
π(0)−,
A(0)−µ = ψ¯
(0)
n γµγ
5ψ(0)p +
√
2
(
σ(0)
(
∂µ + i(+e0)A
(0)
µ
)
π(0)+ − π(0)+∂µσ(0)
)
−
√
2 f (0)π
(
∂µ + i(+e0)A
(0)
µ
)
π(0)+,
A(0)0µ =
1
2
(
ψ¯(0)p γµψ
(0)
p − ψ¯(0)n γµψ(0)n
)
+
(
σ(0)∂µπ
(0)0 − π(0)0∂µσ(0)
)
− f (0)π ∂µπ(0)0. (21)
7After the calculation of loop corrections the dynamics of the fields is described by the Lagrangian
LQED+LσM(x) = −1
4
FµνF
µν − 1
2ξ
(
∂µA
µ
)2
+ ψ¯e
(
iγµ∂µ −me
)
ψe − (−e) ψ¯eγµψeAµ
+ψ¯p
(
iγµ∂µ −mp
)
ψp − (+e) ψ¯pγµψp Aµ +
(
∂µ + i(+e)Aµ
)
π+
(
∂µ + i(−e)Aµ)π− −m2ππ+π−
+ψ¯n
(
iγµ∂µ −mn
)
ψn +
1
2
(
∂µσ∂
µσ −m2σσ2
)
+
1
2
(
∂µπ
0∂µπ0 −m2π0(π0)2
)
+gπN
(
ψ¯pψp + ψ¯nψn
)
σ + gπN
(
ψ¯piγ
5ψp − ψ¯niγ5ψn
)
π0 +
√
2 gπN ψ¯piγ
5ψn π
+
+
√
2 gπN ψ¯niγ
5ψp π
− + γfπ σ
(
σ2 + (π0)2
)
+ 2 γfπσ π
+π− − γ
4
(
σ2 + (π0)2
)2
−γ(σ2 + (π0)2)π+π− − γ (π+π−)2 + L(CT)QED+LσM(x), (22)
where all fields, their masses and coupling constants are renormalized or physical. The Lagrangian L(CT)QED+LσM(x)
contains the complete set of counter–terms
L(CT)QED+LσM = −(Z3 − 1)
1
4
FµνF
µν − Z3 − 1
Zξ
1
2ξ
(
∂µA
µ
)2
+(Z
(e)
2 − 1)ψ¯e
(
iγµ∂µ −me
)
ψe − (Z(e)1 − 1) (−e) ψ¯eγµψeAµ − Z(e)2 δmeψ¯eψe
+(ZNZ
(p)
2 − 1) ψ¯p
(
iγµ∂µ −mp
)
ψp − (ZNZ(p)1 − 1) (+e) ψ¯pγµψp Aµ − ZNZ(p)2 δmpψ¯pψp
+(ZMZ
(π)
2 − 1)
(
∂µπ
+∂µπ− −m2ππ+π−
)
+ (ZMZ
(π)
1 − 1) i e
(
π+∂µπ− − ∂µπ+ π−)Aµ
+(ZMZ
(π)
4 − 1) e2 π+ π−AµAµ − ZMZ(π)2 δm2ππ+ π− + (ZN − 1) ψ¯n
(
iγµ∂µ −mn
)
ψn − ZNδmnψ¯nψn
+
(
ZM − 1
) 1
2
(
∂µσ∂
µσ −m2σσ2
)− ZMδm2σσ2 + (ZM − 1) 12 (∂µπ0∂µπ0 −m2π0(π0)2)− ZMδm2π0(π0)2
+(ZMNZ
(p)
2 − 1) gπN ψ¯pψp σ + (ZMN − 1) gπN ψ¯nψn σ
+(ZMNZ
(p)
2 − 1)
1
2
gπN ψ¯piγ
5ψp π
0 − (ZMN − 1) 1
2
gπN ψ¯niγ
5ψn π
0
+(ZMNZ
(p)1/2
2 Z
(π)1/2
2 − 1) gπN ψ¯piγ5ψn π+ + (ZMNZ(p)1/22 Z(π)1/22 − 1) gπN ψ¯niγ5ψp π−
+
(
Z3M − 1
)
γ fπ σ (σ
2 + (π0)2) +
(
Z3MZ
(π)
2 − 1
)
2 γ fπ σ π
+ π− − (Z4M − 1) γ
4
(
σ2 + (π0)2
)2
−(Z4MZ(π)2 − 1) γ σ2 π+π− − (Z4MZ(π)22 − 1) γ (π+π−)2. (23)
Rescaling the field operators
√
Z3Aµ = A
(0)
µ ,
√
Z
(e)
2 ψe = ψ
(0)
e ,
√
ZNZ
(p)
2 ψp = ψ
(0)
p ,
√
ZN ψn = ψ
(0)
n ,√
ZMZ
(π)
2 π
∓ = π(0)∓ ,
√
ZM σ = σ
(0) ,
√
ZM π
0 = π(0)0 (24)
and plugging Eq.(24) into Eq.(22) we arrive at the Lagrangian
LQED+LσM = −1
4
F (0)µν F
(0)µν − 1
2Zξξ
(
∂µA
(0)µ
)2
+ ψ¯(0)e
(
iγµ∂µ −m(0)e − (−e)Z(e)1 Z(e)−12 Z1/23 γµA(0)µ
)
ψe
+ψ¯(0)p
(
iγµ∂µ −m(0)N − (+e)Z(p)1 Z(p)−12 Z1/23 A(0)µ
)
ψ(0)p
+
(
∂µ + i(+e)Z
(π)
1 Z
(π)−1
2 Z
1/2
3 A
(0)
µ
)
π(0)+
(
∂µ + i(−e)Z(π)1 Z(π)−12 Z1/23 A(0)µ
)
π(0)− −m(0)2π π(0)+π(0)−
+ψ¯(0)n
(
iγµ∂µ −m(0)N
)
ψ(0)n +
1
2
(
∂µσ
(0)∂µσ(0) −m(0)2σ σ(0)2
)
+
1
2
(
∂µπ
(0)0∂µπ(0)0 −m(0)2π (π(0)0)2
)
+gπN ZMNZ
−1/2
M Z
−1
N ψ¯
(0)
p ψ
(0)
p σ
(0) + gπN ZMNZ
−1/2
M ψ¯
(0)
n ψ
(0)
n σ
(0) + gπN ZMNZ
−1
N Z
−1/2
M ψ¯
(0)
p iγ
5ψ(0)p π
(0)0
−gπN ZMNZ−1N Z−1/2M ψ¯(0)n iγ5ψ(0)n π(0)0 +
√
2 gπN ZMNZ
−1
N Z
−1/2
M ψ¯
(0)
p iγ
5ψ(0)n π
(0)+
+
√
2 gπN ZMNZ
−1
N Z
−1/2
M ψ¯
(0)
n iγ
5ψ(0)p π
(0)− + γfπ Z3MZ
−3/2
M σ
(0)
(
(σ(0))2 + (π(0)0)2
)
+2 γfπ Z3MZ
−3/2
M σ
(0) π(0)+π(0)− − γ
4
Z4MZ
−2
M
(
(σ(0))2 + (π(0)0)2
)2
−γZ4MZ−2M
(
(σ(0))2 + (π(0)0)2
)
π(0)+π(0)−0 − γ Z4MZ−2M (π(0)+π(0)−)2, (25)
8where we have used the relations
m
(0)
N = mp + δmp = mn + δmn , m
(0)2
σ = m
2
σ + δm
2
σ , m
(0)2
π = m
2
π + δm
2
π = m
2
π0 + δm
2
π0 . (26)
The Lagrangian Eq.(25) reduces to the Lagrangian Eq.(20) if the coupling constants and renormalization constants
satisfy the relations
(−e0) = (−e)Z(e)1 Z(e)−12 Z−1/23 = (−e)Z(π)1 Z(π)−12 Z−1/23 ,
(+e0) = (+e)Z
(p)
1 Z
(p)−1
2 Z
−1/2
3 = (+e)Z
(π)
1 Z
(π)−1
2 Z
−1/2
3 ,
g
(0)
πN = gπN ZMNZ
−1/2
M Z
−1
N ,
f (0)π = Z3MZ
−1
4MZ
1/2
M fπ , γ
(0) = Z4MZ
−2
M γ,
Z3M = Z4M . (27)
Because of the Ward identities Z
(a)
1 = Z
(a)
2 for a = e, p [64] (see also [58–60]) and a = π [61–63] we get (∓e0) =
Z−1/3 (∓e). We would like to emphasize that for the calculation of radiative corrections to orderO(α/π) to the neutron
β−–decay the renormalization constant Z3 is equal to unity because of the absence of closed fermion and meson loops,
i.e. Z3 = 1. This means that in such an approximation the bare electric charge e0 coincides with the renormalized
electric charge e, i.e. e0 = e. This is because of local conservation of leptonic and hadronic electromagnetic currents.
Now we may proceed to the analysis of the properties of hadronic structure of the neutron and proton in neutron β−
decays within the standard V −A effective theory of weak interactions, where electromagnetic and strong low–energy
interactions are described the Lagrangian Eq.(22).
V. NEUTRON BETA DECAYS IN STANDARD V − A EFFECTIVE THEORY WITH QED AND LσM
The neutron β−–decay n→ p+ e−+ ν¯e we describe within the standard V −A effective theory of weak interactions
by the effective Lagrangian [66, 67]
LW (x) = −GV J+µ (x)[ψ¯e(x)γµ(1− γ5)ψνe(x)], (28)
where GV = GFVud/
√
2 is the vector weak coupling constant, and GF and Vud are the Fermi weak coupling constant
and the matrix element of the Cabibbo–Kobayashi–Maskawa (CKM) mixing matrix [22], respectively. The hadronic
current J+µ (x) is defined by J
+
µ (x) = V
+
µ (x)−A+µ (x), where the V +µ (x) and A+µ (x) are the charged vector and axial–
vector hadronic currents. In the phase of spontaneously broken chiral symmetry of the LσM these currents are given
by
V +µ (x) = ψ¯p(x)γµψn(x) + i
√
2
(
π0(x)
(
∂µ + i(−e)Aµ(x)
)
π−(x)− π−(x)∂µπ0(x)
)
+ (ZV − 1) ψ¯p(x)γµψn(x),
A+µ (x) = ψ¯p(x)γµγ
5ψn(x) +
√
2
(
σ(x)
(
∂µ + i(−e)Aµ(x)
)
π−(x)− π−(x)∂µσ(x)
)
−
√
2 fπ
(
∂µ + i(−e)Aµ
)
π−(x) + (ZA − 1) ψ¯p(x)γµγ5ψn(x)− (Z(π)A − 1)
√
2 fπ
(
∂µ + i(−e)Aµ
)
π−(x), (29)
where ψe(x), ψp(x), ψn(x), σ(x), π
0(x), π−(x) and Aµ(x) are operators of the electron, proton, neutron, σ–meson, π
0–
meson, π−–meson and photon fields; ψνe(x) is the operator of the electron neutrino (antineutrino) field. Then, ZV , ZA
and Z
(π)
A are the counter–terms of the vector and axial–vector baryonic and axial–vector mesonic currents, respectively,
which are enough to remove divergent contributions in the one–hadron–loop approximation. The amplitude of the
neutron β−–decay is defined by [68]
M(n→ pe−ν¯e) =
〈
out, ν¯e(~kν ,+
1
2
), e−(~ke, σe), p(~kp, σp)
∣∣LW (0)∣∣n(~kn, σn), in〉, (30)
where 〈out, χ(~kχ, σχ)| and |in, n(~kn, σn)〉 are the wave functions of the free antineutrino, electron and proton (χ =
ν¯e, e
−, p) in the final state (i.e. out–state at t → +∞) and the free neutron in the initial state (i.e. in–state at
t → −∞) [58]. Using the relation 〈out,∏χ χ(~kχ, σχ)| = 〈in,∏χ χ(~kχ, σχ)|S, where S is the S–matrix, we rewrite the
matrix element Eq.(30) as follows
M(n→ pe−ν¯e) =
〈
in, ν¯e(~kν ,+
1
2
), e−(~ke, σe), p(~kp, σp)
∣∣SLW (0)∣∣n(~kn, σn), in〉. (31)
9FIG. 1: The Feynman diagrams, describing the amplitude of the neutron β−–decay in the tree–approximation for strong
low–energy interactions in the LσM.
The corresponding S–matrix is determined by [58, 68]
S = Tei
∫
d4xLQED+LσM(x), (32)
where T is a time–ordering operator and LQED+LσM(x) is given by Eq.(22). Plugging Eq.(32) into Eq.(31) we get [68]
M(n→ pe−ν¯e) =
〈
in, ν¯e(~kν ,+
1
2
), e−(~ke, σe), p(~kp, σp)
∣∣T(ei ∫ d4xLQED+LσM(x)LW (0))∣∣n(~kn, σn), in〉. (33)
The wave functions of fermions we determine in terms of the operators of creation (annihilation)
|n(~kn, σn), in〉 = a†n,in(~kn, σn)|0〉,〈
in, ν¯e(~kν ,+
1
2
), e−(~ke, σe), p(~kp, σp) = 〈0|bν¯e,in(~kν ,+
1
2
)ae,in(~ke, σe)ap,in(~kp, σp). (34)
The operators of creation (annihilation) obey standard anticommutation relations [58, 68].
The amplitude of the neutron radiative β−–decay n→ p+ e− + ν¯e + γ can be defined in analogous way
M(n→ pe−ν¯eγ)λ =
〈
in, γ(~k, λ), ν¯e(~kν ,+
1
2
), e−(~ke, σe), p(~kp, σp)
∣∣T(ei ∫ d4xLQED+LσM(x)LW (0))∣∣n(~kn, σn), in〉, (35)
where λ = 1, 2 characterizes physical polarization states of the photon [20, 21, 30, 69–73].
VI. NEUTRON BETA DECAY IN THE TREE– AND ONE–HADRON–LOOP APPROXIMATION FOR
STRONG LOW–ENERGY INTERACTIONS IN LσM
In this section we switch off electromagnetic interactions and analyse the contributions of strong low–energy inter-
actions, described by the LσM, to the amplitude of the neutron β−–decay n → p + e− + ν¯e. The amplitude of the
neutron β−–decay is defined by [68]
M(n→ pe−ν¯e) = −GV 〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉
[
u¯e
(
~ke, σe
)
γµ
(
1− γ5)vν(~kν ,+1
2
)]
, (36)
where u¯e and vν are Dirac wave functions of the free electron and electron antineutrino, respectively, a mo-
mentum transferred of the decay is equal to q = kp − kn = −ke − kν . Then, since strong low–energy in-
teractions give the contributions to the matrix element of the charged hadronic current only, we have denoted
〈in, p(~kp, σp)|T
(
ei
∫
d4xLLσM(x)J+µ (0)
)|n(~kn, σn), in〉 = 〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉. This matrix element describes
the hadronic n→ p transition in the neutron β−–decay [68, 74].
A. Neutron beta decay in the tree–approximation for strong low–energy interactions in LσM
In the tree–approximation for strong low-energy interactions in the LσM the amplitude of the neutron β−–
decay is described by the Feynman diagrams in Fig. 1. The matrix element of the hadronic V − A current
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉, calculated in the tree–approximation (see Fig. 1), is equal to (see also [68])
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.1 = u¯p
(
~kp, σp
)(
γµ
(
1− γ5)− 2 gπN fπ
m2π − q2
qµ γ
5
)
un
(
~kn, σn
)
, (37)
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where u¯p and un are the Dirac wave functions of the free proton and neutron. Since in the limit mπ → 0 the charged
axial–vector hadronic current A+µ is locally conserved ∂
µA+µ = 0 [66, 67], we get
lim
mpi→ 0
qµ〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.1 =
(− 2mN + 2gπNfπ) u¯p(~kp, σp) γ5 un(~kn, σn) = 0, (38)
where we have used local conservation of the charged vector hadronic current ∂µV +µ = 0 [66] (see also [68, 74]) and
the Dirac equations u¯pkˆp = u¯pmN and kˆnun = mNun for the free proton and neutron. Thus, from Eq.(38) we obtain
the well–known Goldberger–Treiman (GT) relation gπN = mN/fπ [75] (see also [50, 51, 55, 67]), which appears
naturally in the LσM (see Eq.(8) at b = −fπ), where the axial coupling constant gA is equal to gA = 1. This is
caused by the account for the strong low–energy interactions in the tree–approximation. Plugging the GT–relation
gπN = mN/fπ into Eq.(37) we arrive at the matrix element of the charged V −A hadronic current, calculated in the
tree–approximation in the LσM [68]
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.1 = u¯p
(
~kp, σp
)(
γµ
(
1− γ5)− 2mN
m2π − q2
qµ γ
5
)
un
(
~kn, σn
)
. (39)
The matrix element of the charged hadronic current Eq.(39) has the standard Lorentz structure with the vector,
axial–vector and pseudoscalar form factors equal to unity [67, 74, 76] (see also [68]).
B. Neutron beta decay in one–hadron–loop approximation for strong low–energy interactions in LσM
The matrix element 〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉 of the charged hadronic current in the one–hadron–loop approxi-
mation acquires the contributions, given by the Feynman diagrams in Fig. 2 and Fig. 3, which are caused by strong
low–energy interactions described by the LσM in the phase of spontaneously broken chiral symmetry. The analytical
expressions of the Feynman diagrams in Fig. 2 and Fig. 3 are equal to
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.2a+Fig.2b = u¯p
(
~kp, σp
)
γµ(1− γ5) 1
mN − kˆn − i0
Σn(kn)un
(
~kn, σn
)
,
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.2c+Fig.2d = u¯p
(
~kp, σp
)
Σp(kp)
1
mN − kˆp − i0
γµ(1 − γ5)un
(
~kn, σn
)
,
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3a+Fig.3b =
= u¯p
(
~kp, σp
){
4 g2πNγ
5
∫
d4p
(2π)4i
(2p− q)µ
mN − pˆ− kˆn − i0
1
m2π − (p− q)2 − i0
1
m2π − p2 − i0
γ5
}
un
(
~kn, σn
)
,
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3c+Fig.3d =
= u¯p
(
~kp, σp
){
2 g2πNγ
5
∫
d4p
(2π)4i
(2p− q)µ
mN − pˆ− kˆn − i0
1
m2π − (p− q)2 − i0
1
m2σ − p2 − i0
}
un
(
~kn, σn
)
−u¯p
(
~kp, σp
){
2 g2πN
∫
d4p
(2π)4i
(2p− q)µ
mN − pˆ− kˆn − i0
1
m2σ − (p− q)2 − i0
1
m2π − p2 − i0
γ5
}
un
(
~kn, σn
)
,
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3e+Fig.3f =
= u¯p
(
~kp, σp
){
g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
γµ(1− γ5) 1
mN − kˆn − pˆ− i0
γ5
1
m2π − p2 − i0
}
un
(
~kn, σn
)
+u¯p
(
~kp, σp
){
g2πN
∫
d4p
(2π)4i
1
mN − kˆp − pˆ− i0
γµ(1− γ5) 1
mN − kˆn − pˆ− i0
1
m2σ − p2 − i0
}
un
(
~kn, σn
)
,
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3g+Fig.3h+Fig.3i+Fig.3j+Fig.3k+Fig.3ℓ+Fig.3m =
qµ
m2π − q2 − i0
×
(
u¯p
(
~kp, σp
){
(−4) g2πNγf2πγ5
∫
d4p
(2π)4i
1
mN − pˆ− kˆn − i0
1
m2π − (p− q)2 − i0
1
m2σ − p2 − i0
}
un
(
~kn, σn
)
+u¯p
(
~kp, σp
){
(−4) g2πNγf2π
∫
d4p
(2π)4i
1
mN − pˆ− kˆn − i0
1
m2σ − (p− q)2 − i0
1
m2π − p2 − i0
γ5
}
un
(
~kn, σn
)
+u¯p
(
~kp, σp
){
2g3πNfπ
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
γ5
1
mN − kˆn − pˆ− i0
γ5
1
m2π − p2 − i0
}
un
(
~kn, σn
)
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FIG. 2: The Feynman diagrams, describing the contributions to the amplitude of the neutron β−–decay of the self–energy
corrections to the neutron and proton states in the one–hadron–loop approximation in the LσM.
+u¯p
(
~kp, σp
){
2g3πNfπ
∫
d4p
(2π)4i
1
mN − kˆp − pˆ− i0
γ5
1
mN − kˆn − pˆ− i0
1
m2σ − p2 − i0
}
un
(
~kn, σn
))
+
1
m2π − q2 − i0
(
u¯p
(
~kp, σp
){
(−2)g2πN
∫
d4p
(2π)4i
tr
{
γ5
1
mN − pˆ− i0 γµ(1− γ
5)
1
mN − pˆ+ qˆ − i0
}
un
(
~kn, σn
)
u¯p
(
~kp, σp
){
(−4)gπNγfπ
∫
d4p
(2π)4i
(2p− q)µ
m2π − (p− q)2 − i0
1
m2σ − p2 − i0
}
γ5 un
(
~kn, σn
))− 2gπNqµ
m2π − q2 − i0
u¯p
(
~kp, σp
)
×
(3γfπ
m2σ
∫
d4p
(2π)4i
1
m2σ − p2 − i0
+
3γfπ
m2σ
∫
d4p
(2π)4i
1
m2π − p2 − i0
− gπN
m2σ
∫
d4p
(2π)4i
tr
{ 1
mN − pˆ− i0
})
×γ5 un
(
~kn, σn
)
, (40)
where the self–energy correction to the neutron state is equal to
Σn(kn) = −δmn − (ZN − 1) (mN − kˆn) + gπN γfπ
m2σ
∫
d4p
(2π)4i
1
m2σ − p2 − i0
+ gπN
3γfπ
m2σ
∫
d4p
(2π)4i
1
m2π − p2 − i0
− 2g
2
πN
m2σ
∫
d4p
(2π)4i
tr
{ 1
mN − pˆ− i0
}
+ g2πN
∫
d4p
(2π)4i
1
mN − pˆ− kˆn − i0
1
m2σ − p2 − i0
− 3g2πN
∫
d4p
(2π)4i
γ5
1
mN − pˆ− kˆn − i0
γ5
1
m2π − p2 − i0
. (41)
The self–energy correction to the proton state Σp(kp) is defined by Eq.(41) with a replacement of indices n → p.
Following [30] one may assert that after renormalization the Feynman diagrams in Fig. 2a, Fig. 2b, Fig. 2c and Fig. 2d
do not contribute to the matrix element 〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉. Skipping standard intermediate calculations
[68] we adduce the final expressions for the momentum integrals defining non–trivial contributions of the Feynman
diagrams in Fig 3 to the matrix element of the charged hadronic current 〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3a+Fig.3b = u¯p
(
~kp, σp
){ g2πN
8π2
(
ℓn
Λ2
m2N
+
3
2
)
γµ − g
2
πN
4π2
Pµ
2mN
}
un
(
~kn, σn
)
, (42)
where P = kp + kn. The contribution of the Feynman diagrams in Fig. 3c and 3d is equal to
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3c+Fig.3d = u¯p
(
~kp, σp
){g2πN
8π2
(
ℓn
Λ2
m2N
− ℓn m
2
σ
m2N
)
γµγ
5 − g
2
πN
24π2
mNqµ
m2σ −m2π
γ5
}
un
(
~kn, σn
)
.
(43)
In turn, for the contribution of the Feynman diagrams in Fig. 3e and 3f we obtain the following expression
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3e+Fig.3f = u¯p
(
~kp, σp
){g2πN
8π2
(
− 1
4
ℓn
m2σ
m2N
+
1
8
− 1
2
ℓn2
)
γµ +
g2πN
8π2
(1
2
− ℓn2
) Pµ
2mN
− g
2
πN
8π2
(1
4
− 1
2
ℓn2
)
γµγ
5
}
un
(
~kn, σn
)
(44)
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FIG. 3: The Feynman diagrams, describing the contributions to the amplitude of the neutron β−–decay of strong low–energy
interactions in the one–hadron–loop approximation in the LσM.
Following [68] and using the Gordon identity [58]
u¯p(~kp, σp)
(kp + kn)µ
2mN
un(~kn, σn) = u¯p(~kp, σp) γµ un(~kn, σn)− u¯p(~kp, σp) iσµνq
ν
2mN
un(~kn, σn) (45)
we transcribe the sum of the contributions of the Feynman diagrams Fig. 3a - Fig. 3f into the form
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3a+Fig.3b+Fig.3c+Fig.3d+Fig.3e+Fig.3f =
= u¯p
(
~kp, σp
){ g2πN
8π2
(
ℓn
Λ2
m2N
− 1
4
ℓn
m2σ
m2N
+
9
8
)
γµ +
g2πN
16π2
(
3 + 2ℓn2
) iσµνqν
2mN
−g
2
πN
8π2
(
ℓn
Λ2
m2N
− ℓn m
2
σ
m2N
+
1
4
− 1
2
ℓn2
)
γµγ
5 − g
2
πN
24π2
mNqµ
m2σ −m2π
γ5
}
un
(
~kn, σn
)
, (46)
where σµν =
i
2 (γµγν − γνγµ) are the Dirac matrices [58]. The term with the Lorentz structure iσµνqν describes
the contribution of the weak magnetism [32, 77, 78] with the isovector anomalous magnetic moment of the nucleon
κ = (g2πN/16π
2)(3 + 2 ℓn2). The contribution of the Feynman diagrams in Fig. 3g - Fig. 3m is
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3g+Fig.3h+Fig.3i+Fig.3j+Fig.3k+Fig.3ℓ+Fig.3m = −
qµ
m2π − q2 − i0
×
{ g2πN
16π2
4mNγf
2
π
m2σ −m2π
(
ℓn
m2σ
m2N
+ 2
)
+mN
g2πN
8π2
(
ℓn
Λ2
m2N
− ℓn m
2
σ
m2N
)}
u¯p
(
~kp, σp
)
γ5un
(
~kn, σn
)
. (47)
13
FIG. 4: The Feynman diagrams, describing the contributions of the counter–terms of the vector (a) and axial–vector (b) charged
baryonic and axial–vector (c) charged mesonic currents.
For the calculation of Eq.(47) we have used dimensional regularization and have kept only leading contributions. From
Eq.(8) we define γ = (m2σ −m2π)/2f2π. Plugging this relation into Eq.(47) we get
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉Fig.3e+Fig.3f = −
2mNqµ
m2π − q2 − i0
g2πN
16π2
(
ℓn
Λ2
m2N
+ 2
)
u¯p
(
~kp, σp
)
γ5un
(
~kn, σn
)
. (48)
Thus, to leading order in the large σ–meson mass expansion and to leading order in the large nucleon mass expansion
we obtain the matrix element of the hadronic n → p transition defined by the Feynman diagrams in Fig. 1, Fig. 2,
Fig. 3 and Fig. 4. We get
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉 = u¯p
(
~kp, σp
){[
1 +
(
ZV − 1 + g
2
πN
8π2
(
ℓn
Λ2
m2N
− 1
4
ℓn
m2σ
m2N
+
9
8
))]
γµ −
[
1 +
(
ZA − 1
−g
2
πN
8π2
(
ℓn
Λ2
m2N
− ℓn m
2
σ
m2N
+
1
4
− 1
2
ℓn2
))]
γµγ
5 −
[
1 +
(
Z
(π)
A − 1 +
g2πN
16π2
(
ℓn
m2σ
m2N
+ 2
))] 2mNqµ
m2π − q2 − i0
γ5
+
g2πN
16π2
(
3 + 2ℓn2
) iσµνqν
2mN
}
un
(
~kn, σn
)
. (49)
Because of conservation of the charged vector hadronic current [66] we set
ZV = 1 +
g2πN
8π2
(
ℓn
Λ2
m2N
− 1
4
ℓn
m2σ
m2N
+
9
8
)
. (50)
In turn, renormalization of the charged axial–vector hadronic current by strong low–energy interactions [27, 50, 51]
should lead to the axial coupling constant gA − 1. Setting
ZA − 1− g
2
πN
8π2
(
ℓn
Λ2
m2N
− ℓn m
2
σ
m2N
+
1
4
− 1
2
ℓn2
)
= gA − 1,
Z
(π)
A − 1 +
g2πN
16π2
(
ℓn
m2σ
m2N
+ 2
)
= gA − 1 (51)
we arrive at the matrix element of the hadronic n→ p transition
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉 = u¯p
(
~kp, σp
){
γµ
(
1− gAγ5
)
+
κ
2mN
iσµνq
ν − 2 gAmN
m2π − q2
qµγ
5
}
un
(
~kn, σn
)
. (52)
We would like to notice that the pion–nucleon coupling constant gπN in our calculations is fully defined by the
GT–relation gπN = mN/fπ. The relations Eq.(51) are justified by the vanishing of the matrix element
lim
mpi→ 0
qµ〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉 = 0 (53)
in the limit mπ → 0, caused by local conservation of the vector and axial–vector hadronic currents ∂µ~Vµ(x) =
∂µ ~Aµ(x) = 0 [66, 67]. We would like to emphasize that we do not claim that we have calculated the axial coupling
constant gA. We assert only that in the LσM to one–hadron–loop approximation we have reproduced in the limit
mσ → ∞ the Lorentz structure of the matrix element of the hadronic n → p transition agreeing well with the
results, which can be obtained in the current algebra approach [76]. Indeed, the term proportional to qµγ
5 in Eq.(43),
vanishing in the limit mσ →∞, does not appear in the current algebra approach.
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FIG. 5: The Feynman diagrams, defining within the standard V −A effective theory of weak interactions the amplitude of the
neutron radiative β−–decay, calculated in the tree–approximation for strong low–energy interactions in the LσM and QED.
VII. NEUTRON RADIATIVE BETA DECAY IN THE TREE– AND ONE–HADRON–LOOP
APPROXIMATION FOR STRONG LOW–ENERGY INTERACTIONS IN LσM AND QED
In this section we analyse gauge properties of strong low–energy interactions in the neutron radiative β−–decay
n→ p+e−+ν¯e+γ in the tree– and one–hadron–loop approximation within the standard V −A effective theory of weak
interactions with the LσM and QED, describing strong low–energy and electromagnetic interactions, respectively.
A. Neutron radiative beta decay in the tree–approximation for strong low–energy interactions in LσM and
QED
The Feynman diagrams, defining the amplitude of the neutron radiative β−–decay within the standard V − A
effective theory of weak interactions with QED and in the tree–approximation for strong low–energy interactions in
the LσM, are shown in Fig. 5. The amplitude of the neutron radiative β−–decay, described by the Feynman diagrams
in Fig. 5, can be written as follows
MFig.5(n→ pe−ν¯eγ)λ = MFig.5a+Fig.5b(n→ pe−ν¯eγ)λ +MFig.5c+Fig.5d(n→ pe−ν¯eγ)λ
+ MFig.5e+Fig.5f(n→ pe−ν¯eγ)λ. (54)
The amplitude MFig.5a+Fig.5b(n → pe−ν¯eγ)λ, defined by the Feynman diagrams in Fig.5a and Fig.5a, is equal to
[20, 30, 73]
MFig.5a+Fig.5b(n→ pe−ν¯eγ)λ = eGV
×
{[
u¯p(~kp, σp)γ
µ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe)
1
2ke · k Qe,λ γµ(1− γ
5)vν(~kν ,+
1
2
)
]
−
[
u¯p(~kp, σp)Qp,λ
1
2kp · k γ
µ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]}
, (55)
where Qe,λ and Qp,λ are given by [20, 30, 73]
Qe,λ = 2ε
∗
λ(k) · ke + εˆ∗λ(k)kˆ , Qp,λ = 2ε∗λ(k) · kp + εˆ∗λ(k)kˆ. (56)
Here ε∗λ(k) is the polarization vector of the photon with the 4–momentum k and in two polarization states λ = 1, 2,
obeying the constraint k · ε∗λ(k) = 0. For the derivation of Eq.(55) we have used the Dirac equations for the free
proton and electron. Replacing ε∗λ(k)→ k and using k2 = 0 we get [30, 73] (see also [79])
MFig.5a+Fig.5b(n→ pe−ν¯eγ)λ
∣∣∣
ε∗
λ
(k)→k
= 0. (57)
This confirms invariance of the Feynman diagrams in Fig. 5a and Fig. 5b under a gauge transformation ε∗λ′(k) →
ε∗λ′(k) + c k, where c is an arbitrary constant.
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In turn, the contribution of the Feynman diagrams in Fig. 5c, Fig. 5d, Fig. 5e and Fig. 5f goes beyond the previous
analysis of the neutron radiative β−–decay [69–72] (see also [20, 21, 30, 73]). The contribution of the Feynman
diagrams in Fig. 5c and Fig. 5d to the amplitude of the neutron radiative β−–decay takes the form
MFig.5c+Fig.5d(n→ pe−ν¯eγ)λ = eGV
×
{ 2mN(q − k)µ
m2π − (q − k)2 − i0
[u¯p(~kp, σp)γ
5un(~kn, σn)]
[
u¯e(~ke, σe)Qe,λ
1
2ke · kγ
µ(1− γ5)vν(~kν ,+1
2
)
]
− 2mNqµ
m2π − q2 − i0
[
u¯p(~kp, σp)Qp,λ
1
2kp · k γ
5un(~kn, σn)
][
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]}
, (58)
where we have used the GT–relation gπN = mN/fπ. The contribution of the Feynman diagrams in Fig 5e and Fig 5f
to the amplitude of the neutron radiative β−–decay is defined by the analytical expression
MFig.5e+Fig.5f(n→ pe−ν¯eγ)λ = eGV
×
{ 2mNqµ
m2π − q2 − i0
(2q − k) · ε∗λ(k)
m2π − (q − k)2 − i0
[u¯p(~kp, σp)γ
5un(~kn, σn)]
[
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
+
2mN
m2π − (q − k)2 − i0
[u¯p(~kp, σp)γ
5un(~kn, σn)]
[
u¯e(~ke, σe)εˆ
∗
λ(k)(1 − γ5)vν(~kν ,+
1
2
)
]}
. (59)
Replacing ε∗λ(k) → k one may show the sum of the Feynman diagrams in Fig. 5c, Fig. 5d, Fig 5e and Fig 5f, defined
by Eq.(58) and Eq.(59), vanishes
MFig.5c+Fig.5d(n→ pe−ν¯eγ)λ +MFig.5e+Fig.5f(n→ pe−ν¯eγ)λ
∣∣∣
ε∗
λ
(k)→k
= 0. (60)
This confirms invariance of the amplitude of the neutron radiative β−–decay, defined by the sum of Eq.(58) and
Eq.(59), under a gauge transformation ε∗λ(k) → ε∗λ(k) + c k. We would like to notice that the Feynman diagrams in
Fig. 5c, Fig. 5d, Fig 5e and Fig 5f describe the contribution of strong low–energy interactions, which is fully caused by
mesonic parts of the charged axial–vector hadronic current, defined in the LσM in the phase of spontaneously broken
chiral symmetry. It should be also noticed that such a contribution does not appear in previous calculations of the
neutron radiative β−–decay [69–72] (see also [20, 21, 30, 73]).
B. Neutron radiative beta decay in the one–hadron–loop approximation for strong low–energy interactions
in LσM and QED
The amplitude of the neutron radiative β−–decay in the one–hadron–loop approximation in the LσM is defined by
the Feynman diagrams in Fig. 6, Fig. 7 and Fig. 8
M(n→ pe−ν¯eγ)λ =MFig.6(n→ pe−ν¯eγ)λ +MFig.7(n→ pe−ν¯eγ)λ +MFig.8(n→ pe−ν¯eγ)λ. (61)
The analytical expressions and properties of the amplitudes MFig j(n→ pe−ν¯eγ)λ for j = 6, 7, 8 with respect a gauge
transformation ε∗λ(k)→ ε∗λ(k) + c k are given and discussed below.
1. The contribution to the amplitude of the neutron radiative β−–decay caused by the Feynman diagrams in
Fig.6
In Fig. 6 we show a set of Feynman diagrams, describing one–hadron–loop contributions of strong low–energy
interactions in the LσM to the amplitude of the neutron radiative β−–decay. The complete set of the Feynman
diagrams in Fig. 6 can be obtained from the Feynman diagrams in Fig. 3 with a photon emitted from external proton
and electron lines, and from the π−–meson line of the one–pion–pole diagrams. The complete set of the Feynman
diagrams, obtained in such a way, is invariant under a gauge transformation ε∗λ(k)→ ε∗λ(k)+c k. After renormalization,
which is similar to renormalization of the Feynman diagrams in Fig. 3 with the same set of counter–terms, this set of
Feynman diagrams together with the Feynman diagrams in Fig. 5 define the following contribution to the amplitude
of the neutron radiative β−–decay
MFig.6(n→ pe−ν¯eγ)λ = eGV
×
{[
u¯p(~kp, σp)γ
µ(1 − gAγ5)un(~kn, σn)
][
u¯e(~ke, σe)
1
2ke · k Qe,λ γµ(1− γ
5)vν(~kν ,+
1
2
)
]
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FIG. 6: The Feynman diagrams, defining the contributions of strong low–energy interactions to the amplitude of the neutron
radiative β−–decay in the one–hadron–loop approximation in the LσM. They are obtained from the Feynman diagrams in Fig. 3
by emission of a photon from external proton and electron lines, and from the pi−–meson line of the one–pion–pole diagrams.
We show only some of the complete set of Feynman diagrams. The other diagrams can be trivially added using a complete set
of Feynman diagrams in Fig. 3 and inserting a photon line into external proton and electron lines, and the pi−–meson line of
the one–pion–pole diagrams.
−
[
u¯p(~kp, σp)Qp,λ
1
2kp · k γ
µ(1− gAγ5)un(~kn, σn)
][
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
+
2gAmN (q − k)µ
m2π − (q − k)2 − i0
[
u¯p(~kp, σp)γ
5un(~kn, σn)
] [
u¯e(~ke, σe)Qe,λ
1
2ke · kγ
µ(1 − γ5)vν(~kν ,+1
2
)
]
− 2gAmNqµ
m2π − q2 − i0
[
u¯p(~kp, σp)Qp,λ
1
2kp · k γ
5un(~kn, σn)
][
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
+
2gAmNqµ
m2π − q2 − i0
(2q − k) · ε∗λ(k)
m2π − (q − k)2 − i0
[
u¯p(~kp, σp)γ
5un(~kn, σn)
][
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
+
2gAmN
m2π − (q − k)2 − i0
[
u¯p(~kp, σp)γ
5un(~kn, σn)
] [
u¯e(~ke, σe)εˆ
∗
λ(k)(1 − γ5)vν(~kν ,+
1
2
)
]}
, (62)
where the contribution of strong low–energy interactions is given in terms of the axial coupling constant gA. It is
obvious that the amplitude Eq.(62) is invariant under a gauge transformation ε∗λ(k) → ε∗λ(k) + c k. The first two
terms in Eq.(62) describe the amplitude of the neutron radiative β−–decay to leading order in the large proton
mass expansion in the previous analysis of such a decay [69–72] (see also [20, 21, 30, 73]), where strong low–energy
interactions contribute only in terms of the axial couping constant gA. The contributions of the last four terms in
Eq.(62) go beyond the previous analysis of the neutron radiative β−–decay. They are specific for the LσM, since they
are fully caused by the contribution of the mesonic part of the charged axial–vector hadronic current.
17
FIG. 7: The Feynman diagrams, describing the contributions to the amplitude of the neutron radiative β−–decay in the one–
hadron–loop approximation for strong low–energy interactions in the LσM and QED. These Feynman diagrams can be obtained
from the Feynman diagrams in Fig. 2 by emitting a photon from all lines of charged particles.
2. The contribution to the amplitude of the neutron radiative β−–decay caused by the Feynman diagrams in
Fig.7
The set of the Feynman diagrams in Fig.7 describes in the LσM the contribution of hadronic structure of the
neutron and proton to the neutron radiative β−–decay. It is obtained from the self–energy Feynman diagrams in
Fig.2 with photon emitted from the lines of all charged particles.
The contribution of hadronic structure of the neutron is described by the Feynman diagrams in Fig. 7a - Fig. 7f.
Following [30] one may show that the Feynman diagrams in Fig. 7a - Fig. 7d are invariant under a gauge transformation
ε∗λ′(k)→ ε∗λ′(k) + c k and vanish after renormalization. Thus, after renormalization of the mass and wave function of
the neutron we may write
MFig.7a(n→ pe−ν¯eγ)λ +MFig.7b(n→ pe−ν¯eγ)λ +MFig.7c(n→ pe−ν¯eγ)λ +MFig.7d(n→ pe−ν¯eγ)λ = 0. (63)
The contributions of the Feynman diagrams in Fig. 7e and Fig. 7f are given by the analytical expressions
MFig.7e(n→ pe−ν¯eγ)λ = eGV (−2g2πN)
[
u¯p(~kp, σp)γµ(1− γ5) 1
mN − kˆn + kˆ − i0
×
∫
d4p
(2π)4i
γ5
1
mN − kˆn − pˆ− i0
γ5
(2p+ k) · ε∗λ(k)
m2π − (p+ k)2 − i0
1
m2π − p2 − i0
un(~kn, σn)
]
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×
[
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
,
MFig.7f(n→ pe−ν¯eγ)λ = eGV (−2g2πN)
[
u¯p(~kp, σp)γµ(1 − γ5) 1
mN − kˆn + kˆ − i0
×
∫
d4p
(2π)4i
γ5
1
mN − kˆn − pˆ+ kˆ − i0
εˆ∗λ(k)
1
mN − kˆn − pˆ− i0
γ5
1
m2π − p2 − i0
un(~kn, σn)
]
×
[
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
. (64)
The sum of the Feynman diagrams in Fig.7e and Fig.7f is invariant under a gauge transformation ε∗λ′(k)→ ε∗λ′(k)+c k.
Indeed, summing up the amplitudes in Eq.(64) and replacing ε∗λ′(k)→ k we get
MFig.7e(n→ pe−ν¯eγ)λ +MFig.7f(n→ pe−ν¯eγ)λ
∣∣∣
ε∗
λ
(k)→k
= eGV (−2g2πN)
[
u¯p(~kp, σp)γµ(1− γ5) 1
mN − kˆn + kˆ − i0
×
{∫ d4p
(2π)4i
γ5
1
mN − kˆn − pˆ− i0
γ5
1
m2π − (p+ k)2 − i0
−
∫
d4p
(2π)4i
γ5
1
mN − kˆn − pˆ− i0
γ5
1
m2π − p2 − i0
+
∫
d4p
(2π)4i
γ5
1
mN − kˆn − pˆ− i0
γ5
1
m2π − p2 − i0
−
∫
d4p
(2π)4i
γ5
1
mN − kˆn − pˆ+ kˆ − i0
γ5
1
m2π − p2 − i0
}
×
[
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
. (65)
Making a shift of variables p → p + k in the last integral in curly brackets, which is allowed within dimensional
regularization of divergent integrals [9, 58], one may see that the r.h.s. of Eq.(65) vanishes. This confirms invariance
of the sum of the Feynman diagrams in Fig. 7e and Fig. 7f under a gauge transformation ε∗λ(k)→ ε∗λ(k) + c k. Using
dimensional regularization of the momentum integrals one may show that the sum of the amplitude Eq.(64) vanishes
in the accepted approximation, i.e. to leading order in the large nucleon mass expansion. Thus, the Feynman diagrams
in Fig. 7a - Fig. 7f, taking into account in the LσM the contribution of hadronic structure of the neutron to the neutron
radiative β−–decay, are gauge invariant, but vanish after renormalisation and do not contribute to the amplitude of
the neutron radiative β−–decay.
The contribution of hadronic structure of the proton is described by the Feynman diagrams in Fig. 7g - Fig. 7o,
where the Feynman diagram in Fig. 7o is caused by the counter–term of renormalization of the proton–proton–photon
vertex by strong low–energy interactions. The analytical expressions for the Feynman diagrams Fig. 7g - Fig. 7ℓ are
given by
MFig.7g(n→ pe−ν¯eγ)λ +MFig.7h(n→ pe−ν¯eγ)λ =
= eGV
[
u¯p(~kp, σp)Σp(kp)
1
mN − kˆp − i0
εˆ∗λ(k)
1
mN − kˆp − kˆ − i0
γµ(1 − γ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
,
MFig.7i(n→ pe−ν¯eγ)λ +MFig.7j(n→ pe−ν¯eγ)λ =
= eGV
[
u¯p(~kp, σp) εˆ
∗
λ(k)
1
mN − kˆp − kˆ − i0
Σp(kp + k)
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
,
MFig.7k(n→ pe−ν¯eγ)λ +MFig.7ℓ(n→ pe−ν¯eγ)λ = −eGV
[
u¯p(~kp, σp)Σp(kp)
1
mN − kˆp − i0
γµ(1− γ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) εˆ
∗
λ(k)
1
me − kˆe − kˆ − i0
γµ(1− γ5)vν(~kν ,+1
2
)
]
. (66)
The analytical expressions for the Feynman diagrams in Fig. 7m and Fig. 7n we give in the following form
MFig.7m+Fig.7n(n→ pe−ν¯eγ)λ = eGV
[
u¯p(~kp, σp) ε
∗
λ(k) · Λp(kp, k)
1
mN − kˆp − kˆ − i0
γµ(1 − γ5)un(~kn, σn)
]
×
[
u¯e(~ke, σe) γµ(1 − γ5)vν(~kν ,+1
2
)
]
, (67)
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where Λαp (kp, k) is the vertex function, defined by the momentum integrals
Λαp (kp, k) = 2g
2
πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
(2p+ k)α
m2π − (p+ k)2 − i0
1
m2π − p2 − i0
− g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
γα
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − p2 − i0
+ g2πN
∫
d4p
(2π)4i
1
mN − kˆp − pˆ− i0
γα
1
mN − kˆp − kˆ − pˆ− i0
1
m2σ − p2 − i0
. (68)
The self–energy corrections Σp(kp) and Σp(kp+k) are defined by Eq.(41) with a replacement kn → kp and kn → kp+k,
respectively. The Feynman diagram in Fig. 7o has the following analytical expression
MFig.7o(n→ pe−ν¯eγ)λ = eGV (ZNZ(p)1 − 1)
×
[
u¯p(~kp, σp) εˆ
∗
λ(k)
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
. (69)
Since the proton–proton–photon vertex is not renormalized by electromagnetic interactions, we set Z
(p)
1 = 1. In order
to show that the Feynman diagrams in Fig. 7g - Fig. 7o are gauge invariant we propose to sum up these diagrams and
replace ε∗λ(k)→ k. This gives
MFig.7g+Fig.7h+Fig.7i+Fig.7j+Fig.7k+Fig.7ℓ+Fig.7m+Fig.7n+Fig.7o(n→ pe−ν¯eγ)λ
∣∣∣
ε∗
λ
(k)→k
= eGV
×
{[
u¯p(~kp, σp)Σp(kp)
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
−
[
u¯p(~kp, σp)Σp(kp)
1
mN − kˆp − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
−
[
u¯p(~kp, σp)Σp(kp + k)
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
+
[
u¯p(~kp, σp)Σp(kp)
1
mN − kˆp − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
+
[
u¯p(~kp, σp) k · Λp(kp, k) 1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
+(ZN − 1)
[
u¯p(~kp, σp) kˆ
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
. (70)
The r.h.s. of Eq.(70) we transcribe into the form
MFig.7g+Fig.7h+Fig.7i+Fig.7j+Fig.7k+Fig.7ℓ+Fig.7m+Fig.7n+Fig.7o(n→ pe−ν¯eγ)λ
∣∣∣
ε∗
λ
(k)→k
= eGV
×
{[
u¯p(~kp, σp)Σ
′
p(kp)
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
−
[
u¯p(~kp, σp)Σ
′
p(kp + k)
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
+
[
u¯p(~kp, σp) k · Λp(kp, k) 1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
+(ZN − 1)
[
u¯p(~kp, σp) kˆ
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
][
u¯e(~ke, σe) γµ(1− γ5)vν(~kν ,+1
2
)
]
, (71)
where in Eq.(70) the second term in curly brackets is cancelled by the Feynman diagrams in Fig. 7k and Fig. 7ℓ, and
in Eq.(71) the self–energy corrections Σ′p(kp) and Σ
′
p(kp+k) have no contributions of the tadpole Feynman diagrams,
i.e the Feynman diagrams in Fig. 7g and Fig. 7i. Such tadpole contributions are mutually cancelled from the first two
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terms in curly brackets in Eq.(71). For the scalar product k · Λp(kp, k) we obtain the following expression
k · Λαp (kp, k) = 2g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − (p+ k)2 − i0
− 2g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − p2 − i0
+ g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
γ5
1
m2π − p2 − i0
− g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − p2 − i0
− g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
γ5
1
m2σ − p2 − i0
+ g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2σ − p2 − i0
. (72)
Making a shift of variables p+ k → p in the first momentum integral we may transcribe the r.h.s. of Eq.(72) into the
form
k · Λαp (kp, k) =
(− δm′p − (ZN − 1) (mN − kˆp)− Σ′p(kp))− (− δm′p − (ZN − 1) (mN − kˆp − kˆ)− Σ′p(kp + k))
= Σ′p(kp + k)− Σ′p(kp)− (ZN − 1) kˆ, (73)
where δm′p is a counter–term of the proton mass with the excluded contribution of the tadpole Feynman diagrams.
Plugging Eq.(73) into Eq.(71) we get
MFig.7g+Fig.7h+Fig.7i+Fig.7j+Fig.7k+Fig.7ℓ+Fig.7m+Fig.7n+Fig.7o(n→ pe−ν¯eγ)λ
∣∣∣
ε∗
λ
(k)→k
= 0. (74)
This confirms invariance of the Feynman diagrams in Fig. 7g - Fig. 7o under a gauge transformation ε∗λ(k)→ ε∗λ(k)+c k.
The relation Eq.(73) is the Ward identity for the proton–proton–photon vertex renormalized by strong low–energy
interactions. The direct calculation of the momentum integrals gives one
Σ′p(kp) = −δm′p − (ZN − 1) (mN − kˆp)−mN
g2πN
32π2
(
3 ℓn
m2σ
m2N
+
1
2
)
−(mN − kˆp) g
2
πN
32π2
(
4 ℓn
Λ2
m2N
− ℓn m
2
σ
m2N
+
11
2
)
. (75)
The self–energy correction Σ′p(kp) vanishes after renormalization [30]
δm′p = −mN
g2πN
32π2
(
3 ℓn
m2σ
m2N
+
1
2
)
,
ZN = 1− g
2
πN
32π2
(
4 ℓn
Λ2
m2N
− ℓn m
2
σ
m2N
+
11
2
)
. (76)
Denoting Σ¯p(kp) as a renormalized self–energy correction Σp(kp) we get Σ¯p(kp) = 0 [30]. For the self–energy correction
Σ′p(kp + k) we obtain the following expression
Σ′p(kp + k) = −δm′p − (ZN − 1) (mN − kˆp − kˆ)−mN
g2πN
32π2
(
3 ℓn
m2σ
m2N
+
1
2
)
−(mN − kˆp − kˆ) g
2
πN
32π2
(
4 ℓn
Λ2
m2N
− ℓn m
2
σ
m2N
+
11
2
)
+
3g2πN
16π2
[
mN F1
(2k · kp
m2N
)
+ (mN − kˆp − kˆ)F2
(2k · kp
m2N
)]
. (77)
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After renormalization the self–energy correction Σ′p(kp + k) takes the form
Σ¯p(kp + k) =
3g2πN
16π2
[
mN F1
(2k · kp
m2N
)
+ (mN − kˆp − kˆ)F2
(2k · kp
m2N
)]
. (78)
The functions F1(z) and F2(z), where z = 2k · kp/m2N , are defined by
F1(z) =
∫ 1
0
dxx ℓn
(
1− z 1− x
x
)
=
1
2
z
(1 + z)2
(− 1− z + z ℓn(−z)),
F2(z) =
∫ 1
0
dx (1 − x) ℓn
(
1− z 1− x
x
)
=
z
1 + z
ℓn(−z)− F1(z) = 1
2
z
(1 + z)2
(
1 + z + (2 + z) ℓn(−z)). (79)
In the limit mσ →∞ and after renormalization the vertex function Λαp (kp, k) takes the form
Λ¯αp (kp, k) =
g2πN
8π2
{
γα
[1
4
+
2
z
F1(z) +
(
− 3
2
+
1
2z
)
F2(z)− 1
2z
(
ℓn(1 + z) ℓn(−z) + Li2(−z)
)]
+
kαp kˆ
m2N
[
− 1
2z
− 4
z2
F1(z)− 1
z2
F2(z) +
1
z2
(
ℓn(1 + z) ℓn(−z) + Li2(−z)
)]
+
kαp
mN
[3
z
F1(z)
]
+
iσαβkβ
2mN
[1
z
(
F1(z) + F2(z)
)
− 1
2z
(
ℓn(1 + z) ℓn(−z) + Li2(−z)
)]}
, (80)
where Li2(−z) is the Polylogarithmic function. The renormalized vertex function Eq.(80) is fully defined by the
Feynman diagrams with virtual π–meson exchanges. The contribution of the Feynman diagrams with the σ–meson
exchanges is absorbed in the limit mσ →∞ by the counter–term only.
The renormalized amplitude of the neutron radiative β−–decay, caused by the contributions of the Feynman dia-
grams in Fig. 7, takes the form
MFig.7(n→ pe−ν¯eγ)λ = eGV
{[
u¯p(~kp, σp) ε
∗
λ(k) · Λ¯p(kp, k)
1
mN − kˆp − kˆ − i0
γµ(1− γ5)un(~kn, σn)
]
+
[
u¯p(~kp, σp) εˆ
∗
λ(k)
1
mN − kˆp − kˆ − i0
Σp(kp + k)
1
mN − kˆp − kˆ − i0
γµ(1 − γ5)un(~kn, σn)
]}
×
[
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
. (81)
Making a replacement ε∗λ(k)→ k we arrive at the amplitude
MFig.7(n→ pe−ν¯eγ)λ
∣∣∣
ε∗
λ
(k)→k
= eGV
[
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)
(
k · Λ¯p(kp, k)− Σ¯p(kp + k)
) 1
mN − kˆp − kˆ − i0
γµ(1 − γ5)un(~kn, σn)
]
, (82)
which vanishes because of the Ward identity [30]
u¯p(~kp, σp)
(
k · Λ¯p(kp, k)− Σ¯p(kp + k)
)
= 0. (83)
Using Eq.(80) and Eq.(78) the relation Eq.(83) can be verified by a direct calculation.
3. The contribution to the amplitude of the neutron radiative β−–decay caused by the Feynman diagrams in
Fig.8
The set of the Feynman diagrams in Fig. 8 can be obtained from the Feynman diagrams in Fig. 3 by emitting a
photon from all lines of virtual charged hadrons. In the limit of the infinite mass of the σ–meson mσ →∞ non–trivial
contributions are given by the Feynman diagrams without virtual σ–meson exchanges and the Feynman diagrams in
Fig. 8ℓ, Fig. 8m, Fig. 8n, Fig. 8o and Fig. 8s. The contributions of these diagrams with virtual σ–meson exchanges do
not vanish in the limit mσ →∞ because of the σπ+π− coupling constant equal to γfπ = (m2σ −m2π)/fπ.
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The analytical expressions of the Feynman diagrams in Fig. 8a - Fig. 8e, caused by the mesonic part of the charged
vector hadronic current, are given by
MFig.8a(n→ p e− ν¯eγ)λ = eGV (−2g2πN)
[
u¯p(~kp, σp)
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
(2p+ k) · ε∗λ(k)
m2π − (p+ k)2 − i0
× (2p+ q)
µ
m2π − (p+ q)2 − i0
1
m2π − p2 − i0
un(~kn, σn)
][
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
,
MFig.8b(n→ p e− ν¯eγ)λ = eGV (+2g2πN)
[
u¯p(~kp, σp)
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
γ5
(2(p+ q)− k) · ε∗λ(k)
m2π − (p+ q − k)2 − i0
× (2p+ q)
µ
m2π − (p+ q)2 − i0
1
m2π − p2 − i0
un(~kn, σn)
][
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
,
MFig.8c(n→ p e− ν¯eγ)λ = eGV (−2g2πN)
[
u¯p(~kp, σp)
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
εˆ∗λ(k)
1
mN − kˆp − kˆ − pˆ− i0
γ5
× (2p+ q)
µ
m2π − (p+ q)2 − i0
1
m2π − p2 − i0
un(~kn, σn)
][
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
,
MFig.8d(n→ p e− ν¯eγ)λ = eGV (+2g2πN)
[
u¯p(~kp, σp)
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − (p+ q)2 − i0
× 1
m2π − (p+ k)2 − i0
un(~kn, σn)
][
u¯e(~ke, σe)εˆ
∗
λ(k)(1 − γ5)vν(~kν ,+
1
2
)
]
,
MFig.8e(n→ p e− ν¯eγ)λ = eGV (+2g2πN)
[
u¯p(~kp, σp)
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − (p+ q)2 − i0
× 1
m2π − (p+ k)2 − i0
un(~kn, σn)
][
u¯e(~ke, σe)εˆ
∗
λ(k)(1 − γ5)vν(~kν ,+
1
2
)
]
. (84)
Summing up the Feynman diagrams in Fig. 8a - Fig. 8e and making a replacement ε∗λ(k)→ k we obtain
MFig.8a+Fig.8b+Fig.8c+Fig.8d+Fig.8e(n→ p e− ν¯eγ)λ
∣∣∣
ε∗
λ
(k)→k
= eGV (−2g2πN)
[
u¯p(~kp, σp)
×
{∫ d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − (p+ k)2 − i0
(2p+ q)µ
m2π − (p+ q)2 − i0
−
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − p2 − i0
(2p+ q)µ
m2π − (p+ q)2 − i0
+
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
γ5
(2p+ q)µ
m2π − (p+ q − k)2 − i0
1
m2π − p2 − i0
−
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
γ5
(2p+ q)µ
m2π − (p+ q)2 − i0
1
m2π − p2 − i0
−
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
(2p+ q)µ
m2π − (p+ q)2 − i0
1
m2π − p2 − i0
+
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
(2p+ q)µ
m2π − (p+ q)2 − i0
1
m2π − p2 − i0
+
∫
d4p
(2π)4i
γ5
1
mN − kˆp − kˆ − pˆ− i0
γ5
2kµ
m2π − (p+ q)2 − i0
1
m2π − p2 − i0
}
un(~kn, σn)
]
×
[
u¯e(~ke, σe)γµ(1 − γ5)vν(~kν ,+1
2
)
]
. (85)
The last integral in curly brackets is defined by the contributions of the Feynman diagrams in Fig. 8d and Fig. 8e.
Making a change of variables p+ k→ p in the first integral in curly brackets one may show that the r.h.s. of Eq.(85)
vanishes. This confirms invariance of the sum of Feynman diagrams Fig. 8a - Fig. 8e under a gauge transformation
ε∗λ(k)→ ε∗λ(k) + c k.
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The analytical expressions for the Feynman diagrams in Fig. 8k - Fig. 8s, which survive in the limit mσ → ∞, are
given by
MFig.8k(n→ pe−ν¯eγ)λ = eGV
[
u¯e(~ke, σe)γ
µ(1 − γ5)vν(~kν ,+1
2
)
][
u¯p(~kp, σp)
{
g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
× εˆ∗λ(k)
1
mN − kˆp − kˆ − pˆ− i0
γµ(1 − γ5) 1
mN − kˆn − pˆ− i0
γ5
1
m2π − p2 − i0
}
un(~kn, σn)
]
,
MFig.8m(n→ pe−ν¯eγ)λ = eGV
qµ
m2π − q2 − i0
[
u¯e(~ke, σe)γµ(1 − γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)
{
− 2g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆn − pˆ− i0
(2(p− q) + k) · ε∗λ(k)
m2π − (p− q + k)2 − i0
1
m2π − (p− q)2 − i0
}
un(~kn, σn)
]
MFig.8n(n→ pe−ν¯eγ)λ = eGV
qµ
m2π − q2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)
{
2g2πN
∫
d4p
(2π)4i
1
mN − kˆn − pˆ− i0
γ5
(2p+ k) · ε∗λ(k)
m2π − (p+ k)2 − i0
1
m2π − p2 − i0
}
un(~kn, σn)
]
,
MFig.8o(n→ pe−ν¯eγ)λ = eGV
qµ
m2π − q2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)
{
2g2πN
∫
d4p
(2π)4i
1
mN − kˆp − pˆ− i0
εˆ∗λ(k)
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − (p+ q)2 − i0
}
un(~kn, σn)
]
,
MFig.8p(n→ pe−ν¯eγ)λ = eGV
qµ
m2π − q2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)
{
2g3πNfπ
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
εˆ∗λ(k)
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
mN − kˆn − pˆ− i0
γ5
× 1
m2π − p2 − i0
}
un(~kn, σn)
]
,
MFig.8r(n→ pe−ν¯eγ)λ = eGV
1
m2π − (k − q)2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)γ
5
{
− 2g2πN
∫
d4p
(2π)4i
tr
{
γ5
1
mN − pˆ− i0 εˆ
∗
λ(k)
1
mN − pˆ− kˆ − i0
γµ(1− γ5)
× 1
mN − pˆ− kˆ + qˆ − i0
}}
un(~kn, σn)
]
,
MFig.8s(n→ pe−ν¯eγ)λ = eGV
1
m2π − (k − q)2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)γ
5
{
− 2 g
2
πN
mN
∫
d4p
(2π)4i
(2(p− q) + k) · ε∗λ(k)
m2π − (p− q + k)2 − i0
(2p− q)µ
m2π − (p− q)2 − i0
}
un(~kn, σn)
]
, (86)
where we have used the GT–relation gπN = mN/fπ. Now we may classify the contributions of the Feynman diagrams,
which survived in the limit mσ → ∞ and are given by the analytical expressions in Eq.(86), according to their
properties with respect to a gauge transformation ε∗λ(k)→ ε∗λ(k) + c k. We sum up the contributions of the Feynman
diagrams in Fig. 8n and Fig. 8o and get
MFig.8n+Fig.8o(n→ pe−ν¯eγ)λ = eGV
qµ
m2π − q2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)2g
2
πN
{∫ d4p
(2π)4i
1
mN − kˆn − pˆ− i0
γ5
(2p+ k) · ε∗λ(k)
m2π − (p+ k)2 − i0
1
m2π − p2 − i0
+
∫
d4p
(2π)4i
1
mN − kˆp − pˆ− i0
εˆ∗λ(k)
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − (p+ q)2 − i0
}
un(~kn, σn)
]
(87)
and to replace ε∗λ(k)→ k
MFig.8n+Fig.8o
∣∣∣
ε∗
λ
(k)→k
(n→ pe−ν¯eγ)λ = eGV qµ
m2π − q2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
] [
u¯p(~kp, σp)2g
2
πN
24
×
{∫ d4p
(2π)4i
1
mN − kˆn − pˆ− i0
γ5
1
m2π − (p+ k)2 − i0
−
∫
d4p
(2π)4i
1
mN − kˆn − pˆ− i0
γ5
1
m2π − p2 − i0
+
∫
d4p
(2π)4i
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
m2π − (p+ q)2 − i0
−
∫
d4p
(2π)4i
1
mN − kˆp − pˆ− i0
γ5
1
m2π − (p+ q)2 − i0
}
× un(~kn, σn)
]
. (88)
Making a change of variables p+ q → p in the third integral and p+ q → p+ k in the fourth integral in curly brackets
one may show that the r.h.s. of Eq.(88) vanishes. This confirms invariance of the sum of the Feynman diagrams in
Fig. 8n and Fig. 8o under a gauge transformation ε∗λ(k)→ ε∗λ(k) + c k. Removing the contributions of these diagrams
from Eq.(86) we are left with the following analytical expressions of the Feynman diagrams, which are not invariant
under a gauge transformation ε∗λ(k)→ ε∗λ(k) + c k. They are
MFig.8k(n→ pe−ν¯eγ)λ = eGV
[
u¯e(~ke, σe)γ
µ(1− γ5)vν(~kν ,+1
2
)
][
u¯p(~kp, σp)
{
g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
× εˆ∗λ(k)
1
mN − kˆp − kˆ − pˆ− i0
γµ(1 − γ5) 1
mN − kˆn − pˆ− i0
γ5
1
m2π − p2 − i0
}
un(~kn, σn)
]
,
MFig.8m(n→ pe−ν¯eγ)λ = eGV
qµ
m2π − q2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)
{
− 2g2πN
∫
d4p
(2π)4i
γ5
1
mN − kˆn − pˆ− i0
(2(p− q) + k) · ε∗λ(k)
m2π − (p− q + k)2 − i0
1
m2π − (p− q)2 − i0
}
un(~kn, σn)
]
MFig.8p(n→ pe−ν¯eγ)λ = eGV
qµ
m2π − q2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)
{
2g3πNfπ
∫
d4p
(2π)4i
γ5
1
mN − kˆp − pˆ− i0
εˆ∗λ(k)
1
mN − kˆp − kˆ − pˆ− i0
γ5
1
mN − kˆn − pˆ− i0
γ5
× 1
m2π − p2 − i0
}
un(~kn, σn)
]
,
MFig.8r(n→ pe−ν¯eγ)λ = eGV
1
m2π − (k − q)2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)γ
5
{
− 2g2πN
∫
d4p
(2π)4i
tr
{
γ5
1
mN − pˆ− i0 εˆ
∗
λ(k)
1
mN − pˆ− kˆ − i0
γµ(1− γ5)
× 1
mN − pˆ− kˆ + qˆ − i0
}}
un(~kn, σn)
]
,
MFig.8s(n→ pe−ν¯eγ)λ = eGV
1
m2π − (k − q)2 − i0
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp)γ
5
{
− 2 g
2
πN
mN
∫
d4p
(2π)4i
(2(p− q) + k) · ε∗λ(k)
m2π − (p− q + k)2 − i0
(2p− q)µ
m2π − (p− q)2 − i0
}
un(~kn, σn)
]
, (89)
It is obvious that the analytical expressions Eq.(89) are not invariant under a gauge transformation ε∗λ(k)→ ε∗λ(k)+c k.
However, in order to understand an influence of such a non–invariance on the amplitude of the neutron radiative β−–
decay we have to calculate them. Using dimensional regularization for divergent integrals we get
MFig.8k(n→ pe−ν¯eγ)λ = eGV
[
u¯p(~kp, σp)
{ g2πN
32π2
π
2
ℓn2
εˆ∗λ(k)
mN
γµ(1− γ5) +O
( 1
m2N
)}
un(~kn, σn)
]
×
[
u¯e(~ke, σe)γ
µ(1 − γ5)vν(~kν ,+1
2
)
]
,
MFig.8m(n→ pe−ν¯eγ)λ = eGV
2mNqµ
m2π − q2 − i0
×
[
u¯p(~kp, σp)γ
5
{
− g
2
πN
32π2
(
ℓn
Λ2
m2N
− 1
2
) εˆ∗λ(k)
mN
+
3g2πN
16π2
kn · ε∗λ(k)
m2N
+O
( 1
m3N
)}
un(~kn, σn)
]
×
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
,
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MFig.8p(n→ pe−ν¯eγ)λ = eGV
2mNqµ
m2π − q2 − i0
×
[
u¯p(~kp, σp) γ
5
{ g2πN
32π2
(2− ℓn2) εˆ
∗
λ(k)
mN
+
g2πN
12π2
kn · ε∗λ(k)
m2N
+O
( 1
m3N
)}
un(~kn, σn)
]
×
[
u¯e(~ke, σe)γµ(1− γ5)vν(~kν ,+1
2
)
]
,
MFig.8r(n→ pe−ν¯eγ)λ = eGV
2gπNfπ
m2π − (k − q)2 − i0
×
[
u¯e(~ke, σe)
{
− g
2
πN
4π2
(
ℓn
Λ2
m2N
− 2
)
εˆ∗λ(k) +O
( 1
m2N
)}
(1− γ5)vν(~kν ,+1
2
)
] [
u¯p(~kp, σp) γ
5 un(~kn, σn)
]
,
MFig.8s(n→ pe−ν¯eγ)λ = eGV
2gπNfπ
m2π − (k − q)2 − i0
×
[
u¯e(~ke, σe)
{g2πN
8π2
(m2π
m2N
εˆ∗λ(k) +
me
m2N
q · ε∗λ(k)
)(
ℓn
Λ2
m2N
− 1
)
+O
( 1
m2N
)}
(1− γ5)vν(~kν ,+1
2
)
]
×
[
u¯p(~kp, σp) γ
5 un(~kn, σn)
]
, (90)
where we have used the GT–relation gπN = mN/fπ. The divergent contribution of the Feynman diagram in Fig. 8r
can be absorbed by the counter–term of the Feynman diagram in Fig. 8t. Then, the contributions of other diagrams
are of order O(1/mN ) or even smaller and can be omitted to leading order in the large nucleon mass expansion. This
implies that gauge non–invariant Feynman diagrams in Fig. 8k, Fig. 8m, Fig. 8p, Fig. 8r, Fig. 8s and Fig. 8t do not
contribute to the amplitude of the neutron radiative β−–decay in the limit mσ → ∞ and after renormalization, and
to leading order in the large nucleon mass expansion.
Thus, in the limit mσ →∞ after renormalization and to leading order in the large nucleon mass expansion the LσM
and QED allow to describe only gauge invariant contributions of hadronic structure of the neutron and proton to the
neutron radiative β−–decay, where the main contributions come from the axial coupling constant gA. This agrees well
with Sirlin’s analysis of contributions of strong low–energy interactions to the radiative corrections of order O(α/π)
[5] and with previous calculations of the rate and correlation coefficients of the neutron radiative β−–decay [69–72]
(see also [20, 21, 30, 73]).
However, we would like to emphasize that divergences, induced by the Feynman diagrams in Fig. 8m and Fig. 8s to
order O(1/mN ) and O(1/m
2
N), respectively, can be removed only by the counter–terms, which are not from the set of
counter–terms defined by L(CT)LσM+QED in Eq.(23) and the counter–terms of the charged hadronic axial–vector current
Eq.(29). Hence, these diagrams violate not only gauge invariance but also renormalizability of the amplitude of the
neutron radiative β−–decay to orders O(1/mN ) and O(1/m
2
N) in the large nucleon mass expansion.
4. Self–energy corrections to the pi−–meson and their contributions to the amplitude of the neutron radiative
β−–decay
The self–energy corrections to the π−–meson state are defined by the Feynman diagrams in Fig. 9. In the limit
mσ →∞ and to leading order in the large nucleon mass expansion the self–energy corrections to the π−–meson, given
by the Feynman diagrams in Fig. 9, can be absorbed by mass and wave function renormalization of the π−–meson
[62]. After renormalization the contribution of the Feynman diagrams in Fig. 9 to the matrix element of the hadronic
n→ p transition vanishes.
Using the set of Feynman diagrams in Fig. 9 and emitting a photon from all lines of charged particles we determine
the contributions to the amplitude of the neutron radiative β−–decay. The analysis of these diagrams is similar to that
which we have done above in this section. As a result, we may argue that the contribution of such a set of Feynman
diagrams, taken in the limit mσ → ∞ and to leading order in the large nucleon mass expansion, to the amplitude
of the neutron radiative β−–decay vanishes after renormalization of the mass and wave function of the π−–meson
and the π+π−γ–vertex. Renormalization of the wave function of the π−–meson state leads to renormalization of the
coupling constant fπ (see Eq.(27)). However, such a renormalization of the coupling constant fπ can be taken into
account only in the two–hadron–loop approximation. In other words, in our calculations in the one–hadron–loop
approximation the coupling constant fπ, describing the pion–nucleon coupling constant gπN = mN/fπ, is bare.
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FIG. 8: The Feynman diagrams, defining contributions to the amplitude of the neutron radiative β−–decay in the one–hadron–
loop approximation for strong low–energy interactions in the LσM and QED, where a photon is emitted by virtual charged
hadrons in the one–hadron–loops.
VIII. CONCLUSIVE DISCUSSION
We have analysed some properties of hadronic structure of the neutron and proton in the neutron β−–decay and
neutron radiative β−–decay within the standard V −A effective theory of weak interactions, the linear σ–model with
SU(2) × SU(2) chiral symmetry (the LσM), describing strong low–energy meson–nucleon interactions, and QED.
We have calculated the matrix element of the hadronic n → p transition of the neutron β−–decay in the tree– and
one–hadron–loop approximation for strong low–energy interactions in the LσM. We have shown that in the one–
hadron–loop approximation, in the infinite limit of the σ–meson mass, i.e. mσ → ∞, to leading order in the large
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FIG. 9: The Feynman diagrams, describing self–energy corrections for the pi−–mesons, which can be removed by renormalization
of the mass and wave function of the pi−–meson.
nucleon mass expansion and after renormalization the LσM reproduces well the standard Lorentz structure of the
matrix element of the hadronic n→ p transition in the neutron β−–decay. A possibility to reproduce correct Lorentz
structure of the matrix element of the hadronic n→ p transition in the LσM has been pointed out in [68], where the
matrix element of the hadronic n→ p transition has been calculated in Yukawa’s theory of strong low–energy pion–
nucleon interactions. The term with the Lorentz structure iσµνq
ν/2mN , which we have obtained in the matrix element
of the hadronic n→ p transition in the one–hadron–loop approximation, has been identified with the contribution of
the isovector anomalous magnetic moment of the nucleon κ = (g2πN/16π
2)(3 + 2 ℓn2) or the contribution of the weak
magnetism [32, 77]. The experimental value of the isovector anomalous magnetic moment of the nucleon is equal
to κ = κp − κn = 3.70589 with κp = 1.7928473 and κn = −1.9130427, where κp and κn are anomalous magnetic
moments of the proton and neutron, respectively [22]. Setting κ = 3.70589 one may estimate the value of the pion–
nucleon coupling constant gπN =
√
κ 16π2/(3 + 2 ℓn2) = 11.55. From the GT–relation gπN = mN/fπ = 11.55 and
mN = (mn+mp)/2 ≃ 939MeV [22], where mn = 939.5654MeV and mp = 938.2721MeV are the neutron and proton
masses, one may estimate the value of the bare pion decay constant fπ, i.e. fπ = 81.3MeV, which differs from the
observable one fπ ≃ 92.3MeV [22] by of about 12%. The observable value of the pion decay constant fπ can be
obtained from the matrix element 〈0|T(e i ∫ d4xLLσM(x)J+µ (0))|π−(q), in〉 after renormalization. Such a matrix element
defines the hadronic π− → vacuum transition in the weak π−–meson leptonic decay π− → e− + ν¯e. We would like
to remind that in the calculation of the amplitudes of neutron β− decays in the one–hadron–loop approximation the
pion decay constant fπ is bare.
Using the results, obtained for the amplitude of the neutron β−–decay, we have proceeded to the analysis of gauge
properties of hadronic structure of the neutron and proton in the neutron radiative β−–decay. We have shown that the
amplitude of the neutron radiative β−–decay, calculated in the standard V − A effective theory of weak interactions
and in the tree–approximation for strong low–energy interactions in the LσM and QED, is invariant under a gauge
transformation ε∗λ(k) → ε∗λ(k) + ck of the photon wave function. The contribution of hadronic structure of the
neutron and proton appears in the form of the π−–meson–pole exchange, induced by the pion–nucleon strong low–
energy interaction and the mesonic part of the charged axial–vector hadronic current, defined in the LσM in the phase
of spontaneously broken chiral symmetry.
Then, we have considered the contributions to the amplitude of the neutron radiative β−–decay in the one–hadron–
loop approximation for strong low–energy interactions in the LσM and QCD, and analysed gauge properties of
hadronic structure of the neutron and proton in such an approximation. We have found that the complete set
of Feynman diagrams, describing in the one–hadron–loop approximation the contributions to the amplitude of the
neutron radiative β−–decay, is not invariant under a gauge transformation ε∗λ(k) → ε∗λ(k) + c k. Gauge invariant
Feynman diagrams are shown in Fig. 6 and Fig. 7. The Feynman diagrams in Fig. 6 together with the Feynman
diagrams in Fig. 5 define the main contributions to the amplitude of the neutron radiative β−–decay, where strong
low–energy interactions are represented in the standard form of the axial coupling constant and in the form of the
π−–meson–pole exchange. The contribution of the π−–meson–pole exchange is an additional one, which has not been
taken into account in previous calculations of the neutron radiative β−–decay [69–72] (see also [20, 21, 30]).
A gauge invariant contribution beyond the previous analysis of the neutron radiative β−–decay comes also from
the Feynman diagrams in Fig. 7, which are obtained from the self–energy corrections, caused by strong low–energy
interactions in the LσM, to the neutron and proton states. We have found that the main contribution comes from
hadronic structure of the proton, where the ppγ vertex and self–energy corrections to the proton state, renormalized
by strong low–energy interactions in the LσM, obey the Ward identity (see Eq.(73) and Eq.(83)).
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Then, in Fig. 8 gauge invariant contributions come from the Feynman diagrams in Fig. 8a - Fig. 8e. Other Feynman
diagrams in Fig. 8 are not invariant under a gauge transformation ε∗λ(k) → ε∗λ(k) + c k. However, it is important to
emphasize that some gauge non–invariant contributions become gauge invariant in the limit mσ →∞. This concerns
the sum of the Feynman diagrams in Fig. 8n and Fig. 8o.
Excluding the contributions of the Feynman diagrams in Fig. 8n and Fig. 8o, taken in the limit mσ → ∞, we are
left with the Feynman diagrams Fig. 8k, Fig. 8m, Fig. 8p, Fig. 8r, Fig. 8s and Fig. 8t, which are not gauge invariant.
After the calculation of the analytical expressions of the gauge non–invariant Feynman diagrams in Fig. 8k, Fig. 8m,
Fig. 8p, Fig. 8r, Fig. 8s and Fig. 8t we have found that removing the divergent contribution of the Feynman diagram
in Fig. 8r by the counter–term in Fig. 8t the rest of the contributions becomes of order O(1/mN) or even smaller with
respect to the contributions of the Feynman diagrams in Fig. 6. As a result, they can be omitted to leading order in
the large nucleon mass expansion. This result agrees well with Sirlin’s analysis of strong low–energy interactions in
the radiative corrections to neutron β− decays, carried out within the current algebra approach [5, 11].
Thus, we have obtained that to leading order in the large nucleon mass expansion the contribution of hadronic
structure of the neutron and proton to the amplitude of the neutron radiative β−–decay, calculated in the standard
V − A effective theory of weak interactions with the LσM, describing strong low–energy interactions, and QED, is
gauge invariant, and moreover the main contribution comes from the axial coupling constant.
However, It is important to emphasize that the Feynman diagrams in Fig. 8m and Fig. 8s, violating gauge invariance,
induce also divergent contributions to order O(1/mN ) and O(1/m
2
N), respectively, which can be removed by the
counter–terms, which do not enter to the set of counter–terms defined by L(CT)LσM+QED in Eq.(23) and the counter–
terms of the axial–vector hadronic current Eq.(29). Thus, these diagrams violate not only gauge invariance but also
renormalizability of the amplitude of the neutron radiative β−–decay. Hence, it is obvious that such a theoretical
approach to the analysis of the neutron radiative β−–decay, based on the standard V − A effective theory of weak
interaction with the LσM, describing strong low–energy interactions, and QED, does not admit in principle the
calculation of the neutron radiative β−–decay to order O(1/mN ) and, correspondingly, the radiative corrections to
the neutron β−–decay to order O(αEe/mN).
The problem of the appearance of gauge non–invariant contributions and contributions, violating renormalizability
of the amplitude of the neutron radiative β−–decay, to order O(1/mN ) and even smaller, can be explained as follows.
Indeed, the effective V −A vertex of weak interactions is not the vertex of the combined quantum field theory including
the LσM and QED. This implies that correct gauge invariant contributions to the amplitude of the neutron radiative
β−–decay and as well as to the neutron β−–decay can be obtained in any loop approximation and without violation
of renormalizability [80, 81] only in the Standard Electroweak Model (SEM) with strong low–energy interactions,
described by the LσM . In such a combined quantum field theory the vertex of the effective V −A weak interactions is
defined by the W−–electroweak boson exchange. This should result in the complete set of gauge invariant Feynman
diagrams including electroweak bosons and photons coupled to the neutron and proton, and hadrons from hadronic
structure of the neutron and proton states, described by strong low–energy interactions in the LσM. According to
Weinberg [29, 56], contributions of strong low–energy interactions to neutron β−–decays, obtained in such a combined
quantum field theory in the limit mσ →∞, should reproduce after renormalization contributions, obtained within the
current algebra approach. This should confirm the analysis of strong low–energy interactions in neutron β− decays
within the combined quantum field theory with the SEM and LσM at the confidence level of Sirlin’s analysis of strong
low–energy interactions in the radiative corrections to neutron β− decays [5, 11].
We are planning to realize such an analysis of contributions of strong low–energy interactions to the neutron
radiative β−–decay and to the radiative corrections of order O(α/π) to the neutron β−–decay in our forthcoming
publications.
We would like to emphasize that the results, which we are planning to obtain to order O(α/π) for neutron β− decays
in the combined quantum field theory with the SEM and LσM, should be very important for the analysis of the SM
corrections of order 10−5, including i) the radiative corrections of order O(αEe/mN ) to next–to–leading order in the
large proton mass expansion, the radiative corrections of order O(α2/π2) to leading order in the large proton mass
expansion, where gauge invariance of hadron structure of the neutron and proton plays an important role, and iii) the
weak magnetism and proton recoil corrections of order O(E2e /m
2
N). An importance of these corrections together with
Wilkinson’s corrections of order 10−5 [32], which are caused by i) the proton recoil in the Coulomb electron–proton
final–state interaction, ii) the finite proton radius, iii) the proton–lepton convolution and iv) the higher–order outer
radiative corrections, for the analysis of experimental data on the search of contributions of interactions beyond the
SM has been pointed out in [30] (see also [21, 45]).
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